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A bstract
In this work, we explore properties of totally ordered commutative monoids -  we 
call them tomonoids. We build on the work in [14]. Our goal is to obtain results 
th a t will be useful for studying totally ordered rings with nilpotents. Chapter 
1 presents background information. In Chapter 2, we present some criteria for 
determining when a  tomonoid is a  quotient of a totally ordered free monoid by a 
convex congruence. In Chapter 3, we show tha t every positive tomonoid of rank 2 
is a  convex Rees quotient of a subtomonoid of a  totally ordered abelian group. In 
Chapter 4, we provide a  classification of all positive nil tomonoids with 6 , 7, and 
8 elements. From the classification, we deduce that
1. every positive nil tomonoid with 8 or fewer elements is a quotient of a  totally 
ordered free monoid by a convex congruence
2 . any positive nil tomonoid with 8 or fewer elements th a t satisfies a  certain 
weak cancellation law is a  convex Rees quotient of a subtomonoid of a totally 
ordered abelian group.
Finally, in Chapter 5 we note some of the known results relating tomonoids and 
totally ordered rings, and we suggest further research questions.
IV
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Introduction
In this thesis, we are concerned with totally ordered, commutative monoids, which 
throughout we call tomonoids. The goal is to obtain results on monoids tha t 
will contribute to the structure theory of totally ordered commutative rings with 
nilpotents.
Totally ordered fields played a significant role in H ilbert’s Grundlagen der 
Geometrie. This work, in fact, contained the original motivation for H ilbert’s 17th 
problem; see [11]. The modem algebraic theory of ordered fields was initiated by 
Artin and Schreier, [23], in their solution of this problem. Artin and Schreier called 
a field formally real if it admits a total order, or equivalently, if —1 is not a sum of 
squares. The concept of a formally real field has a generalization tha t is extremely 
useful in real algebraic geometry: a  real ring ([26, Definition 2.1] is a  ring that can 
be embedded in a product of formally real fields. The most im portant examples 
are the real coordinate rings of real algebraic varieties. Each total ordering of such 
a ring has a precise geometric m eaning-it corresponds to a prime filter of closed 
semialgebraic sets; see [6]. This correspondence accounts for the importance of 
ordered rings in real algebraic geometry. Now, it is obvious tha t a  real ring has no 
nilpotent elements. Rings with nilpotents, however, do arise naturally in geometric 
settings, as demonstrated by Brumfiel, [7]. W ith geometric applications in mind, 
Brumfiel derived a few basic results about orderings of rings with nilpotents in [7], 
but his observations in this connection do not appear to have fed into any further 
work in real algebraic geometry.
In contrast to work with geometric motivation, the purely algebraic theory of 
ordered rings includes two im portant contributions prior to 1970 tha t are particu­
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larly relevant to totally ordered rings with nilpotents. In both, tomonoids play a 
fundamental role. The first is the work of Hion, [21], who showed how to associate 
a tomonoid with any totally ordered ring and how to build a  totally ordered ring 
from any tomonoid tha t satisfies a weak cancellation law. The second is the work 
of Henriksen and Isbell, [19], who constructed a commutative totally ordered ring 
tha t is not a  quotient of a subring of a  product of totally ordered fields. To con­
struct their example, they employed a tomonoid that has an interesting property: 
there is no way to express it as a homomorphic image of a  totally ordered free 
monoid (by an order-preserving map, of course).
Our paper [14] addressed questions inspired by Henriksen éind Isbell’s example. 
We call a tomonoid which is a quotient of some totally ordered free monoid formally 
integral. Our paper presented criteria for when a tomonoid is formally integral 
and showed specifically tha t every positive, finite, formally integral tomonoid is a 
quotient of a subtomonoid of N. One of the best results of [14] is tha t any tomonoid 
on two generators is formally integral. In seeking to place the Henriksen-Isbell 
construction in the most general setting, we found it indispensible to consider two 
further special classes of tomonoids: the Hion tomonoids, which are characterized 
by a  weak cancellation law (see Definition 1.9), and the r-tom onoids, which are 
the tomonoids one obtains as convex Rees quotients of subtomonoids of totally 
ordered groups.
The present work develops some selected themes from [14]. We summarize the 
contents. Basic definitions and results, which are used throughout this thesis, are 
presented in Chapter 1.
In Chapter 2, we review three concepts introduced in [14]: formally integral, 
Hion, and (r). We demonstrate tha t the only implication amongst them is tha t 
property (r) implies formally integral and Hion. There are two new results proven
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concerning the formal integrality of certain positive tomonoids. These will be 
used extensively in Chapter 4. Specifically, we show tha t an n-element, positive 
tomonoid with n — 2 generators and tha t a finitely generated positive tomonoid 
constructed by adjoining a  single element to a  formally integral subtomonoid are 
formally integral.
In Chapter 3, we prove that all 2-generator, positive, Hion tomonoids satisfy 
property (r). We show also tha t property (r) is enjoyed by any positive tomonoid 
tha t is constructed by adjoining a  single element to a tomonoid with property (r) 
and certain further technical conditions.
Chapter 4 presents a classification of all positive nil tomonoids with 6 , 7, and 
8 elements. The operation tables are in the appendix. This classification has 
two im portant corollaries: all positive nil tomonoids with 8 or fewer elements are 
formally integral, and those that are also Hion satisfy property (r).
In Chapter 5, we summarize the known relations between tomonoids which 
satisfy the property (r) and formally real rings and then we suggest further re­
search.
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C hapter 1 
Background Inform ation
In this chapter we shall review the definitions and results used in the sequel. Much 
of the information can be found in [8], [14], or [31].
1.1 Monoids
D efin ition  1.1. A semigroup is a  pair (5, *) where 5  is a  non-empty set and * is 
an associative, binary operation.
D efin ition  1.2. A monoid is a triple (M, *, l^f)  where (M, *) is a semigroup and 
1M E M  is an identity element for *.
The use of the symbol S  to represent the semigroup (S, *) or the monoid (5, *, I 5 ) 
is standard.
D efin ition  1.3. A monoid is commutative if a * 6 =  6 * o for any a, 6 G M .
We shall focus on commutative monoids. Thus we shall use additive notation, 
letting “-t-” denote the binary operation and “0” the identity. For a G M  and
n G N, no := o -h a -i -f o, where the number of a ’s is n. An obvious example
of a  monoiod is the natural numbers N with addition.
D efin ition  1.4. If M  is a monoid, a subset N  C M  is a. submonoid provided that 
0 G N  and N  is closed under the addition of M .
D efin ition  1.5. Let M  and N  be commutative monoids. A map (j) \ M  -¥ N  is a. 
monoid homomorphism  if 0(O,vr) =  <I>{On) and for a, 6 G M , <p{a + b) =  0(a) -1-0(6).
D efin ition  1.6. [8 , page 306] An element 00 in a monoid M  is an absorbent 
element if x -I- 00 =  00 for all x G M .
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In the natural numbers with multiplication, zero is an absorbent element. Thus 
when using multiplicative notation, an element with this property is referred to as 
a “zero” . A monoid contains a t most one absorbent element, for if oo and oo' are 
both absorbent, oo =  oo +  oo' =  oo'.
D efin ition  1.7. Suppose M  is a  monoid with absorbent element oo. Then a Ç M  
is nilpotent if there exists a natural number n such th a t no =  oo. If every element 
of M  is nilpotent, then M  is called a  nil monoid.
D efin ition  1.8. A monoid M  is cancellative if for any x, y, 2 E M , x  y = x  + z 
implies y = z.
A monoid tha t has an absorbent element different from the itentity is never can­
cellative.
D efin ition  1.9. A monoid M  with absorbent element 00 is weakly cancellative if 
for all X , y, 2 €  M , x - b 2 =  y - l-2 ^ o o  implies x =  y.
1.2 Monoid Congruence
A relation A on a  monoid M  is a subset of the Cartesian product M  x M . We 
use the notation (a, b) E R  when “a relates to b.” A relation that is reflexive, 
symmetric, and transitive is an equivalence relation. A relation R  is translation 
invariant provided th a t for all a,b ,c  E M , (a, b) E R  implies (a c, 6 -I- c) E Ü.
D efin ition  1.10. Let M  be a commutative monoid. If E  Ç M  x Af is an equiv­
alence relation which is translation invariant, then E  is called a  congruence
R em ark 1.11. A congruence R  on M  is a  submonoid o f M x M .  For, if (a, a ') , (6, 6') E 
R, then (a + b,a' + b) and (o' + b,a' + 6') are both in R  by translation invariance. 
Transitivity then shows th a t (a + b,a' +  6') E R.
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R em ark 1.12. If M is a monoid and E  Ç M  x M  is a. congruence, the equivalence 
class of a is denoted [a]. The set of equivalence classes is denoted M / E .  In M /E , 
we define addition by [a] +  [6] =  [a+ 6]. That this is well defined follows immediately 
from Remark 1.11: if [a] =  [a'] and [6] =  [6'], then [a +  6] =  [a' + 6']. Thus M / E  
has a  natural monoid structure induced by M . It is called the quotient monoid of 
M  with respect to E.
T heorem  1.13. [18, Proposition 3.2] I f  E  is a congruence on a monoid M , the 
mapping M  —>■ M /E ; o [a] is a surjective monoid homomorphism. I f  <p : M  
N  is a monoid homomorphism, the relation E  =  { (a ,6) | <p{a) = is a
congruence on M  and M jE  =  0 (M ).
D efin ition  1.14. Let M  be a monoid. A subset /  Ç M  is an ideal of the monoid 
M  if for any m e  M  and i e  I , m  + i E I.
Exam ple 1.15 (R ees C ongruence). [18, Page 16] Let M  be a  monoid. Let 
I  be any ideal of M . Define a  congruence ~  by putting a ~  6 if and only if (a =  6 
or a, 6 €  / ) .  This is called the Rees congruence modulo I. □
The quotient monoid M / ~ , sometimes denoted M // ,  is called the Rees quo­
tient monoid. Addition is defined by
{a +  6 ifa  +  6 ^ /  
oo otherwise.
M /7  consists of the singleton congruence classes {r}, where x ^  7, and one other 
class, namely, 7. 7 is an absorbent element in M /7. It is often denoted oo.
1.3 Free Monoids
D efin ition  1.16. A monoid M  is generated by a subset T  Ç M  if every element 
in M  can be w ritten as a finite sum of elements in T.
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If T  is finite, then M  is finitely generated. The submonoid of M  generated by 
{si, S2i • • ■ Sfc} is denoted, ( s i, S2, . . .  sjt )m- If the context is clear, the subscript 
M  may be omitted. Sometimes we abuse the notation and denote the submonoid 
generated by T, ( T ) .  The sub-monoid generated by the empty set is the monoid 
containing only the identity element.
N denotes the monoid of natural numbers under addition. For any set / ,  let 
denote the subset of W  consisting of the q  : /  -> N that are nonzero for at 
most finitely many i G I . For i G / ,  we let e,- G be defined by
MJ) =  <
1 if i =  j
0 if i ^  j
Suppose M  is a commutative monoid. Any set map F  : I  M  induces a unique 
monoid homorphism F  : —>• M  such th a t F{i) =  F{ei) for all i G I.  Thus
is the free commutative monoid on I . In the finite case, the direct product of n 
copies of N, (denoted N” ), is the free commutative monoid on n generators.
1.4 Tomonoids
D efin ition  1.17. A relation, <  on a commutative monoid M  is a  total ordering if 
it is reflexive, transitive, antisymmetric, translation invariant, and for all a, 6 G M , 
a < b OT a > b.
Not all commutative monoids admit total orders. In particular, an abelian
group, G, admits a total order if and only if G is torsion free. (To see th a t a
totally ordered group is torsion-free, argue as follows. If a >  0 and no =  0, then 
0 < a < a - h a < . . . < n a  =  0 . So o =  0. Similarly, if a <  0 and no =  0 , then 
0 =  no <  . . .  <  a +  a <  a <  0. So a =  0. In either case, if G has a to tal order, 
G is torsion free. For a  proof th a t any torsion-free abeilian group adm its a  to tal 
order, see [10, Theorem 3.7] .)
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Much has been published on the orderability of semigroups. For the most 
general cases, see [15] or [29]. In [30], T. Merlier addresses the orderability of nil 
semigroups. In [32] and [33], T. Saito addresses inverse semigroups and regular 
semigroups, respectively.
D efin ition  1.18. Let (M, <) be a tomonoid. A non-empty submonoid T  Ç M , 
with the inherited order, is called a subtomonoid.
D efin ition  1.19. Let (M, <) be a tomonoid. Then M  is said to be positively 
ordered (or positive) if a >  0 for all a 6  M .
In what follows our focus will be on finitely generated, positive tomonoids. 
Thus we can employ the following theorem.
T heorem  1.20. [1 4 , Corollary 1.3] Every finitely generated, positive tomonoid 
has a unique minimal set o f generators.
We shall refer to this set of generators as the minimal generating set. The rank of 
M  is the cardinality of the minimal generating set.
D efin ition  1.21. Suppose {M,<m)  and { N , < s )  are tomonoids. A function 4> : 
M  N  is a. tomonoid homomorphism if it is a monoid homomorphism and for all 
a,b e  M , a <m b =>- 4>{a) 4>{b).
E xam ple 1.22. The set of natural numbers, N =  ( 0 ,1, 2 , . . .  }, with standard ad­
dition and standard order, is a positive tomonoid. The subset, 2N =  { 0 ,2 ,4 ,. . .  } Ç 
N, with the standard addition and standard order, is a sub-tomonoid of N. □
Exeimple 1.23. Define © on ([0,1]) Ç R by the rule
0 +  6, ifa  +  6 G [0 , 1]
a © 6 =
1, otherwise.
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Then with the order inherited from R, ([0,1],©) is a  positive tomonoid. It is 
isomorphic to the Rees quotient R>o/[l, oo) with the obvious order. □
E x am p le  1.24. The free commutative monoid on n generators, which we saw 
above in section 1.3, can be ordered in a  variety of ways.
1. The lexigraphical order on N” is an ordering where
a  =  ( a i , Q 2 , . . .  , a „ )  < i (3 =  , / ?n)
means tha t either
(a) a i  <  j3i or
(b) a , =  /3i for all i < j  and a j <  /3j for some j  < n
2. The graded lexigraphical order on N" is an ordering where
Q =  ( a i , Q 2 , . . .  , a „ )  < g i  /? =  ( / ? l , / ? 2 , - - -  , / ?n)
means tha t either
(a) I Q |< | I or
(b) I Q 1=1 /? I and (a,- =  for I < i  < j  and a j < for some j  < n)
where | a  |:=  °'«-
□
1.5 Tomonoid Congruences
D efin itio n  1.25. Let M  be a tomonoid. A subset /  Ç M  is convex if for any 
a, 6 6  /  with a < b  and for any x  G M, a < x  < b implies x  E I.
D efin itio n  1.26. Let (M, <) be a tomonoid. A relation R  Ç M  x M  is a convex
congruence if
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1. R is  a, congruence on M  and
2. the equivalence classes of R  are convex
T h e o re m  1.27. 1. Suppose <j) \ M  N  is a tomonoid morphism. Then
{(a, 6) 6  M  X M  I 0 (a) =  0 (6)} is a convex congruence.
2. I f  C any convex congruence on M  urith a < b and [a] ^  [6], the7i for all 
X e  [a] and y  €  [6], x < y .
3. ( M/ C, < ) ,  where [a] <  [6] means (a < b and [a] ^  [6]^ or [a] =  [6], is a 
tomonoid and the natural map M  M /C  is a tomonoid morphism.
Proof. 1. Suppose 4> : M  N  is a. tomonoid morphism. Let E  = {(o ,6) G 
M  X M  I 0(a) =  0(6)}. Because it is defined by an equivalence, it is clear 
tha t E  is reflexive, symmetric, and transitive.
We show that E  is translation invariant. Suppose (o, 6) € E  and c G M . 
Then 0 (a) =  0 (6) and 0(c) =  0(c). Since 0  is a tomonoid homomorphism, 
0(a +  c) =  0(a) +  0(c) =  0(6) +  0(c) =  0(6 + c). Therefore, (a +  c, 6 +  c) G E. 
Thus £ ' is a congruence.
We need to show that the equivalence classes are convex. Suppose a, 6 G [x] 
and a < b. Suppose also th a t a < c < b. Since 0  is a  tomonoid morphism, 
0(a) <  0(c) <  0(6). Since a , 6 G [x] implies 0(a) =  0(6), 0(a) =  0(c) =  0(6), 
and hence, c G [x].
2. Suppose C  any convex congruence on M  with a < b and [a] ^  [6]. For a 
contradiction, suppose th a t there is a x G [a] and y €  [6], with x  > y.
(a) Suppose x =  y. Then x  G [a] and x G [6] forces [a] =  [6], a contradiction.
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(b) Suppose X > y.
i. If X <  a  then y < x  < a < b. Since C  is convex, this implies a G [6] 
and thus [a] =  [6], a contradiction.
ii. If Û <  X, a <  y <  X implies y E [a] and thus [a] =  [6], a con­
tradiction. Or y < a < b implies a G [6] and thus [a] =  [6], a 
contradiction.
Thus X < y .
3. Suppose th a t M  and C  are as above, define <  on M /C  by [a] <  [6] if (a <  6 
and [a] 7  ̂ [6]) or [a] =  [6]. T hat (M /C , <) is a monoid follows from Remark 
1.12. Clearly, <  is reflexive and antisymmetric.
We shall show th a t <  is transitive. Suppose [a] <  [6] and [6] <  [c]. We want 
to see tha t [a] <  [c]. This is clear if either [a] =  [6] or [6] =  [c]. Suppose, 
then a < b, b < c, [a] < [6] and [6] <  [c]. By transitivity of the order in M , 
a < c. Thus [a] <  [c].
T hat the natural map M  -> M /C  is a monoid homomorphism follows from 
Theorem 1.13. T hat it preserves order is seen by number 2 above.
□
E x a m p le  1.28 (C onvex  R ees  C o n g ru en ce ). If M  is a tomonoid and /  is a 
convex ideal, the convex Rees Quotient monoid^ M /7 , can be ordered. If M  is 
positively ordered, I  must be the largest element of M / /  and the singleton classes 
are ordered by [a] < a/ / /  [6] if a <m b. □
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1.6 Nil Tomonoids
Let M  be a tomonoid tha t contains an absorbent element, oo. As we saw in the 
ordering of the Rees quotient monoid, the absorbent element must be the largest 
in a positive tomonoid it is the largest.
R e m a rk  1.29. Every tomonoid can be embedded into a tomonoid with an ab­
sorbent element. Let M  be any tomonoid and * be any symbol not in M . We can 
define a tomonoid structure on M  U {*} by stipulating s <  * and s +  ♦ =  * for all 
s  e  M .
D efin itio n  1.30. A tomonoid tha t is nil (definition 1.7), is called a  nil tomonoid.
The following exemplifies a convex Rees quotient of N. It is both positively 
ordered and nil.
E x am p le  1.31. A convex Rees quotient can be constructed from the subset M  =  
{0 ,1 ,2 ,3 ,4 ,5}  Ç N yeilding the operation Table below. In this table the absorbent
TAjBLE 1.]i. N/[5, oo)
0 1 2 3 4 5
1 2 3 4 5 5
2 3 4 5 5 5
3 4 5 5 5 5
4 5 5 5 5 5
5 5 5 5 5 5
element is denoted by 5. □
We shall use the following result extensively in Chapter 4 for the classification 
of positive nil tomonoids with 6 , 7, and 8 elements.
L em m a 1.32. I f  M  is a positive nil tomonoid and x  + y  = x , then either y = 0 
or X =  CO.
12
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
Proof. Let M  be a positive nil tomonoid. Suppose x +  y =  x for some x ,y  E M . 
Assume y 7  ̂ 0. Since M  is nil, there must be an m € N with my =  00 . By 
associativity,
oo =  x +  oo =  x +  my =  (x +  y) +  (m — l)y  =  x +  (m — l)y  
=  (x +  y) +  (m — 2)y =  X +  (m — 2)y =  . . .
(x +  y) +  2y =  X +  2y =  (x +  y) +  y =  X  +  y =  X
Hence x =  00 . □
1.7 Totally Ordered Rings
The material in this section, by and large, can be found in [26]. Throughout the 
following we shall suppose tha t Æ is a commutative ring with 1.
D e fin itio n  1.33. A total ordering, < , on a commutative ring, R, is a relation 
which is reflexive, anti-symmetric, transitive, translation invariant with respect to 
addition, satisfles 0 <  d and a < b implies ad < bd, and for any a,b E R, satisfles 
(a <  6 or 6 <  a).
D efin itio n  1.34. A ring R  equipped with a total order, < , is called a totally 
ordered ring. We call totally ordered commutative rings tarings.
D efin itio n  1.35. A taring morphism  is an order-preserving ring homomorphism 
between torings.
D efin itio n  1.36. An ideal /  in a toring A  is convex if for all x ,y  6  A, (0 <  x <  
y and y £  I)  =>- x €  / .
Our goal is to contribute to the theory of totally ordered rings. This will 
involve a  construction with monoid rings, which we shall explain here.
13
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
D efin ition  1.37. If A is a ring and M  is a  monoid, the monoid ring iî[M] is the set
of all finite formal sums H------ l-rnX*", where % is an indeterminate,
r, 6  R, and s, G M . Multiplication is defined by the rule and
distributivity.
Now suppose i2 is a toring and M  is a  tomonoid. An element g G R[M\  is said 
to be written in normal form  when it is written as a  sum of non-zero terms with 
exponents in ascending order:
g = r i 4------4- r„AT*", with r, #  0 and si <  so <  • • • <
R e m a rk  1.38. If M  has a largest element oo, let R[M]h denote the quotient of 
R[M] obtained by identiftying X°°  with 0, ordered in such a way tha t an element 
4- • • • in normal form is positive if and only if r% > 0 /j (so s, <  Sj implies 
X "  > % '; ) .
D efin ition  1.39. Let AC be a field. Let M  be a monoid. A IC-twisting of Af is a 
map r  : Af X Af —̂ AC tha t satisfies:
1. r(a , 6) =  r ( 6, a)
2 . r(a , 6)r(a  4- 6, c) =  r ( 6, c)r(a, 6 4- c)
D efin ition  1.40. Let AC be a field, let Af be a monoid, and r  a AC-twisting of M . 
A twisted monoid ring, denoted AC[Af, r], is defined to be the AC-vector space with 
basis and multiplication defined X “ • X'^ = r(a , 6)AT""*"*.
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C hapter 2 
Tom onoids T hat are Special Q uotients
2.1 Formally Integral Tomonoids
In his review, [8], Clifford described the state  of knowledge, as of 1958, concerning 
totally ordered commutative semigroups. At tha t time, the m ajority of research 
had focused on naturally ordered and /or archimedean semigroups. These proper­
ties figured as hypotheses in what a t tha t time was the most im portant result: a 
characterization of the tomonoids tha t are isomorphic to a subtomonoids of R  or 
R + /[l,oo ), [8].
Around 1976, Gabovich raised questions concerning a less restrictive property. 
Specifically, he asked: In a variety (o f semigroups) whose free semigroups are or- 
derable, find necessary and sufficient conditions fo r  a totally ordered semigroup to 
be a quotient o f some totally ordered free semigroup, [16]. In [14], we call a quo­
tient of a  totally-ordered free monoid by a convex congruence, a  formally integral 
tomonoid. Equivalently,
D efin itio n  2.1. A tomonoid (M, < ) is formally integral provided tha t there exists 
a total order, < i, on and a surjective tomonoid homomorphism
P ro p o s itio n  2 .2 . [14, Proposition 4.1] I f  { M , < m ) is formally integral and -tp : 
 ̂ M  is any homorphism, there is a translation invariant total order on 
such that ‘ip preserves order.
P ro p o s itio n  2.3. [14, Proposition 4.2] A ny subtomonoid o f a formally integral 
tomonoid is formally integral.
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E x am p le  2.4. The free commutative monoid on n generators, N", with any total
order is obviously formally integral. □
E x am p le  2.5. A quotient, (5, < s ) , of a  formally integral tomonoid, 
is formally integral. Since M  is formally integral, there is an order <o, on 
and an tomonoid surjection <p ■ <o) —> (M, < m )- There is also a tomonoid
surjection ^  (5, < s )  which defines 5  as a quotient of M.  The
composition of tomonoid surjections is an tomonoid surjection. Thus ipo(^ : ->
S  demonstrates S  to be formally integral. □
E x am p le  2.6. A specific case of example 2.5 is a positive nil tomonoid which can 
be written as the convex Rees quotient of N mod C, where C is an upper interval 
and thus is convex. Example 1.31 is a nil tomonoid of this type. □
The following example shows tha t not all tomonoids are formally integral.
E x am p le  2.7. Let M  := {0 <  9 <  12 <  16 <  18 <  21 <  24 <  25 <  27 <  28 <  
77 <  30 =  oo}, where the operation is defined:
00 if X +N y >  30 and x  y ^ 3 2
^  y — \  Tj if X =  y =  16
X +N y otherwise.
It is clear tha t the operation is associative. The order, with the exception of the 
position of 77 is as in N. Thus to see tha t M  is a  tomonoid, we need only check 
translation invariance in cases that involve 77. Since 16 is the only “factor” of 77 it 
suffices to show that
1. X <  16 implies x +  z <  16 4- z for all z E M
2 . 16 <  y implies 16 +  z <  y +  z for all z € M
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3. X < y  implies 16 +  x <  16 +  y for ail x, y €  M
These axe easy to check element by element.
The following inequalities hold in M  :
24 =  2 • 12 <  9 +  16 =  25 
27 =  3 -9  <  12 +  16 =  28 
7) =  2 1 6 < 2 9  +  12 =  30 =  oo.
We shall use these inequalities to demonstrate tha t M  is not formrdly integral. 
Define 0  : > M  by
0(1,0,0) =  9 0(0,1,0) =  12 0(0,0,1) =  16.
Suppose, for a  contradiction, tha t <o is a total order on tha t is preserved by 0. 
Let X =  (1,0,0), y =  (0,1,0), and z =  (0,0,1). Since 0(2 • y) 0(x +  z) it
follows tha t 2y <o x  + z. Likewise, 3x <o y +  z. We can extend <o to an order
on Z^, [14, Proposition 2.1] . Hence we can add these two inequalities and then 
subtract the equation x +  y =  x +  y to  get 2x +  y <q 2z. Therefore, we must have 
0(2x +  y) <A/ 0(2z). However, this contradicts the fact tha t 0(2z) =  r/ < 30 =  
0 (2x +  y). □
The positive niltomonoid, in example 2.7 has 12 elements and rank 3. In 
Chapter 4, we shall see a quotient of this tomonoid which has 9 elements and is 
not formally integral. In Chapter 4, we shall show that every tomonoid with fewer 
than 9 elements is formally integral.
The following remark and theorem show that the smallest rank of any non- 
formally integral tomonoid is 3.
R e m a rk  2.8. Suppose M  is a tomonoid generated by the single element a. If 
a >  0 , then 0 : N —> M ; l i - > a i s a  tomonoid surjection. Similarly, if a <  0 , then 
0  : —N —>■ M; —1 a is a  tomonoid surjection. Thus M  is formally integral.
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T h e o re m  2.9. [14, Theorem 4.8] Every tomonoid generated by two elements is 
formally integral.
In the sequel, we shall focus on finitely generated positive tomonoids. The 
following two results give conditions th a t guarantee such tomonoids to be formally 
integral.
P ro p o s itio n  2.10. A positive tomonoid with n elements and rank n —2 is formally 
integral.
Proof. Suppose (M, < m ) =  {0 <  Oi <  og <  . . .  <  o t <  oo}, and every element 
other than 0 and oo is in the minimal generating set, (see Theorem 1.20). Define
0  : N*' —>• M  by 0 (g-,) =  a, where 6, =  (0 , 0 , . . .  , 1, . . .  , 0 ) with 1 in the
position. Let N* be ordered by the graded lexigraphical ordering of, example 1.24.
Suppose x ,t/ €  N* and x  <g, y. We wish to show 0(x) <  0(y). There are four
cases. Here | a |:=  o,.
1. If X =  0 , then clearly 0 (x) < m 0 (y).
2 . If I X |>  1, then | y |>  1 and 0 (x) =  oo =  0 (y).
3. If I X 1= 1 and | y |>  1, then 0(x) <  oo =  0(y).
4. If I X 1= 1 and | y |=  1, then x =  e,- and y =  ej for some i < j ,  so 
0 (x) =  Of <  Oj =  0 (y).
In eaoh case 0(x) <  0(y). Thus 0  : (N*, <g/) —> (M, <m) is a tomonoid homomor­
phism. □
T h e o re m  2.11. Suppose (M*, < .)  is a positive tomonoid with largest element oo. 
Suppose M " has a formally integral subtomonoid, M , such that
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1. M '  =  M U  {7 }
2. ^ m  Ç. M, M  +  7  =  00 .
Then M " is formally integral.
Proof. Let 4> : , <o) -> (M, < ,)  be a  tomonoid surjection. Recall tha t <0  has
a unique extension to Q '̂^^,[14, Proposition 2.1] , which is also denoted < q. Let
L =  {x 6  N* I (j){x) < 7 }
C =  (x  e  N* 17  <  0 (x) <  00}
U =  {x e  N*' 10(x) =  00}
W  =  { c - /  I c e  C , 0 ^ /  6  L}.
Note tha t L < 0  C < 0  U. We assert that for any w and c E C , w < 0  c. To see 
this, let c, e  C and let I e  L\{0}. Then <f>{c) < 0 0  and 0(c' +  /) =  4>{(f) + 4>{l) > 
7  +  0 (/) =  00 . Thus 4>{c) < .  4>{d +  /), so c <0  </ +  /. this proves the assertion. 
Now let <1 be an order on © Q  such that
1 . the restriction of <1 to © {0 } is equivalent to <0  and
2. (W U L) © {0} <1 (0,1) <1 [(C U C/) © {0}].
Define ip : © N, < i)  (M *,< .) by ip{a,k) = (p{a) +  k'^. We claim that
is an tomonoid morphism. We need to show:
{a,m) <1 (6,n ) =» ip{a,m) < .  ip{b, n). (2 .1)
We consider cases.
1. If 6 7  ̂ 0 and n 7  ̂0, or if 6 =  0 and n >  2, then ip{b, n) =  00 . In this case 2.1 
is immediate.
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2. If 6 =  0 and n =  1, then m cannot be strictly larger than 1. If m =  1, 
then 0 =  0 and 2.1 is immediate. If m =  0 , then the left side of 2.1 is 
(o, 0) <1 (0,1). Since a 6  a must be in L, and therefore, ^(o , 0) =  
(0(a),O) <  (0,7) =  ^(0 ,1).
3. If 6 /  0 and n =  0, we consider subcases.
(a) If m =  0 then ^(o , 0) =  4>{a) < .  0 (6) =  0 (6, 0 ).
(b) If o =  0 and m =  1, then since 6 G , we must have 6 €  C U C/. 
0 (0, 1) =  7 < .  0 (6) =  0 (6, 0).
(c) If o =  0 and m  > 2  then the left hand side of 2.1 implies
(0 , 2 ) <1 (6, 0 ) .  (2 .2 )
Now, let c G C and let I G Z^{0}. The assertion above gives (c—/, 0) < i 
(0,1). We also have (1,0) < i (0,1), hence
(c,0) <1 (0,2). (2.3)
Together 2.2 and 2.3 give c <o 6. This holds for any c G C, so 0(6) =  oo, 
i.e., 0 (6, 0 ) =  oo.
(d) Finally, suppose a 0 and m >  1. If a G C U 17, (0,2) <  (a, 1), and 
by (3c), 0(6,0) =  GO. If a G L and c G C, then (s — a, 0) < i (0,1), so 
(c ,0 <1 (a, 1) <  (6,0). Since this is true for any c G C, 0(6) =  oo, and 
0 (6, 0) =  00.
Thus we have shown, (a, m) < i (6, n) ^  0 (a, m) < .  0(6, n). Hence 0  is an order
homomorphism and (Af*, < ,)  is formally integral. □
20
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
2.2 Hion Tomonoids
In his work on torings, [21], Ya V. Hion employs the weak cancellation property 
tha t appears in the following.
D efin ition  2.12. A tomonoid is a Hion tomonoid if it has an absorbent element 
and is weakly cancellative (see Definition 1.9).
We call a  tomonoid morphism, <f> \ H  K  & Hion tomonoid morphism provided 
that, the following are satisfied: H  and K  are Hion tomonoids and =  (j){y) ^  
oo, then x  = y.
Suppose M  is a  tomonoid without absorbent element. We saw in Chapter 
1 (Remark 1.29) tha t it is possible to adjoin an absorbent element to M . Then 
M  U {*} is Hion if and only if M  itself is cancellative.
Two examples follow which explore the realtions between the properties of 
being Hion and formally integral. The first illustrates tha t not all nil tomonoids 
are Hion. In fact, it demonstrates tha t not all formally integral nil tomonoids are 
Hion.
E xam ple 2.13. Let M = ( 0 < 3 < 4 < 6  =  7 <  oo}. Notice tha t M  is generated 
by 3 and 4. Since all two generator tomonoids are formally integral (Theorem 2.9), 
M  is formally integral. Yet in M  we have 6 =  3 4 -3  =  3 +  4 =  7 and 3 ^ 4 .  Thus 
M  is not Hion. □
The next example demonstrates tha t a Hion tomonoid may fail to be formally 
integral.
E xam ple 2.14. The tomonoid in Example 2.7 is not formally integral. A quick 
check of the addition shows tha t if z  +  2 <  oo and y +  2 <  00 , then x  + z ^  y  + z, 
so M  is obviously Hion. □
21
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
2.3 Property (r)
D efin ition  2.15. A tomonoid is said to satisfy property (r) if it is isomorphic to 
a convex Rees quotient of a  subtomonoid of a  totally ordered abelian group.
R em ark 2.16. A positive tomonoid satisfies property (r) if it is isomorphic to 
S /k ,  where 5  is a subtomonoid of a  totally ordered abelian group and A: is a 
convex ideal containing a  positive element.
R em ark 2.17. Property (r) implies the Hion condition. Consider 5/A:, where 5  
is a subtomonoid of a  totally ordered abelian group and A: is a convex ideal. As 
a subtomonoid of a totally ordered abelian group, 5  is cancellative (??). Thus for 
a, 6, c G S \ k ,  if a +  c ^  k  and 6 +  c ^  A:, then a +  c =  6 +  c implies a = b. Since k  is 
the absorbent element in S /k ,  this is the same a s o 4- c  =  b - t- c ^ o o . Hence, S / k  
is weakly cancellative.
R em ark 2.18. Property (r) implies the formally integral condition. A totally 
ordered abelian group is formally integral [14, Corollary 4.5] . The property of 
being formally integral is preserved by subtomonoids. Proposition 2.3, and by 
homomorphic images, Example 2.5.
The following example illustrates tha t even the combination of Hion and for­
mally integral does not imply property (r).
E xam ple 2.19. Let M  =  {0,9 ,12,16,18,21,24,25,27,28, [30,32], oo}. Notice 
that M  is formally integral and Hion. However, it does not satisfy property (r), 
for in a totally ordered abelian group, if 26 <  o 4- c and 3a <  6 4- c then 2a4-6 <  2c. 
This is not true in M  if a =  9, 6 =  12, and c =  16. □
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2.4 Formally Real Rings
A generalization of the formally real field, is the real ring, defined to be a  ring that 
can be embedded in a product of formally real fields, [26]. A real ring cannot have 
nilpotents. Thus we generalize the concept of a real ring.
D efin itio n  2.20. A toring, R,  which can be written in the form A/1 ,  where A  is 
a totally ordered domain and / i s  a convex ideal, is a formally real ring
Equivalent characterizations of formally real rings can be found in [19] and [7]. 
The known relations between tomonoids which satisfy property (r) and formally 
real rings will be discussed in Chapter 5.
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Chapter 3 
Finite, Positive, Hion Tomonoids of 
Rank 2 Satisfy Property (r)
Most of this chapter is devoted to the proof of the following theorem:
T h e o re m  3.1. Let M  be a finite, positive, Hion tomonoid of  rank 2. Then M  has 
property (r).
We shall state a generalization of this theorem th a t has much weaker hypotheses.
The theorem means th a t under mild hypotheses, for tomonoids of rank 2, the 
Hion condition is equivalent to property (r), see Section 2.3. In [14] we showed 
that a tomonoid T  satisfies the Hion condition if and only if the monoid algebra 
R[T] can be totally ordered in the natural way. We showed, moreover, tha t if 
T  is Hion, then the naturally ordered algebra R[T] is formally real if and only 
T  has property (r). Thus, the theorem we prove in this chapter gives significant 
information about the conditions under which we can construct non-form ally real 
tomonoid algebras.
The proof of Theorem 3.1 proceeds through a  sequence of lemmas. Through­
out the proof, M  will denote a finite, 2-generator, positive, Hion tomonoid. In 
addition,
0 : M
will be a tomonoid surjection and <o will be a total order on tha t is preserved 
by <p. The existence of <o is guaranteed by Proposition 2.2.
We shall let ~  denote the equivalence relation on , defined by
(a, b) =  (c, d) or
4>{{a,b)) =  0 ((c,d)) 76 00 .
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(a, b) ~  (c, d)
Thus, if (f>{{a,b)) =  oo, the equivalence class of (a, 6) is a  singleton. There are two 
possibilities; 1) ~  has a  non-singleton equivalence class, or 2) ~  is equality. In 
the former case, we say ~  is non-trivial; in the latter, we say ~  is trivial. If ~  is 
trivial, then M  is a convex Rees quotient of (N^, <o), hence has property (r). So 
we need only consider the case where ~  is non-trivial.
Lem m a 3.2. The equivalence classes defined by ~  are convex.
Proof. Suppose (a, 6) ~  (e ,/ )  and (a, 6) <o (c,d) <q (e ,/ ) .  Since 0  preserves 
order (p{{a,b)) < 0((c,d)) <  0 ((e ,/) ) . Thus, 0 ((a ,6)) =  4>{{c,d)) =  4>{{eJ)) 9̂  00 , 
so (a, b) ~  (c, d). □
Lem m a 3.3. F o r x . y e N ,  i f  {x,y) ^  {0,0), t/ien (x, y)-s- (0,0).
Proof. Suppose x ,y  6  N and (x,y) #  (0,0), yet (x,y) ~  (0,0). Then 0((O,O)) =  
4>{{x,y)) 7̂  00 . Since M  is positive, either (0,0) <0 (1,0) <0 (x,y) or (0,0) <0 
(0,1) <0 (x, y). The equivalence classes are convex, so this gives either (0,0) ~  
(1,0) or (0,0) ~  (0,1). But this contradicts the fact tha t 0((1,O)) and <?!>((0,1)) is 
a  minimal set of generators of M .  □
R em ark 3.4. Since M  is Hion, for each pair (a, b) ~  (c, d), we have (a—o', 6—6') ~  
(c — a',d  — 6') where a' =  min{a, c} and 6' =  min{6, d}. The pair (a — o', 6 — 6') ~  
(c—a ',d —6') is actually of the form (x ,0 ) ~  (0 ,y) where x = | c—a | and y = | b—d |.
Lem m a 3.5. There exists p ,q  G N with {p,q) = 1 such that i f  a ^  c,
(a, 6) ~  (c, d) => q(b — d) = p{c — a).
Proof. By Lemma 3.3 and Remark 3.4, it is sufficient to show th a t there are p, ç G N 
such th a t if (x, 0) ~  (0 ,y) and x #  0 then ^ ~ q -
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Assume we have 2 pairs
(x, 0 ) ~  (0 , y) and (x', 0) ~  (0 , y')
with
X 7  ̂ 0, x ' 7  ̂ 0 and — (3.1)
X X
W ithout loss of generality, suppose x <  x ' . Suppose further tha t the quantity 
x +  y +  x ' +  t/ is as small as it can possibly be for pairs satisfying the imposed 
conditions. One of the following must hold:
1. x  = x' and (0 , y) <o (0 , i/),
2 . (x ,0 ) <0 (x ',0 ) and y =  j/,
3. (x,0) <0 (x',0) and (0 ,y ) <o (0,y), or
4. (x,0) <0 (x',0) and (0,y) <o (0,y').
We shall see that all are contradicted. In the first case, the transitivity of the 
equivalence forces (0, y) ~  (x, 0) ~  (0 ,^ ) . The equivalence (0, y) ~  (0,y') forces 
(0,0) ~  (0,y ' — y), since M  is Hion. However, Lemma 3.3 shows that this is 
impossible. Similarly, with the second case (x ,0) ~  (0,y) and (x ',0) ~  (0 ,y) gives 
(x ,0) ~  (x ',0). If X <  x', by the Hion property of Af, we have (0,0) ~  (x' — x, 0), 
which cannot occur, by Lemma 3.3.
Consider the third case. By hypothesis we have
(p{[x, 0)) =  0((O, y)) 7  ̂ oo and 0((x ', 0)) =  <?i((0, y')) ^  oo.
The given inequalities force: <^((x,0)) <  0((x',O)) <  0((O,y')) <  0((O,y)). Since 
the extreme elements of this inequality are equal, all the elements are all equal.
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Thus we have (x,0) ~  (x ',0) ~  (0,%/) ~  (0,y). However, (0,y') ~  (0,y) and 
(0 , 2/ )  <0  (0, y) imply (0,0) ~  (0,y — j/), which cannot occur, as seen in Lemma 
3.3
Finally, we shall show that the fourth case, also, is impossible. By definition 
(x, 0 ) ~  (0 , y) means th a t
0((x, 0)) =  </)((0, y)) ^  00 . (3.2)
Since (0,y) <0  (0,%/), 2/ - y  € N, so 0((O, y '-y ) )  is defined. By adding <6((0 ,1/ - y)) 
to both sides of 3.2, we get <^((x,y '-y)) =  0((O ,î/)) ^  00 . Thus {x,y[—y) ~  (0 , 2/ ) .  
This, transitivity of ~ , and the hypothesis (x ',0) ~  (0 , 2/ )  gives
(x',0) ~  (x ,2/ - y ) .  (3.3)
Now, (x, 0) <0 (x', 0) guarantees x ' — x G N. This, 3.3, and the fact th a t M  is
Hion give (x' — x, 0) ~  (0, i j  — y). Now we have a new pair of equivalences
(x ,0 ) ~ ( 0 ,y) and ( x '-  x, 0 ) ~  (0 , y ' -  y)
which satisfy the conditions 3.1. However, we now have x +  y +  (x' — x) +  (2/  — y) < 
x + y + x '+ 2/', which contradicts our minimality condition. Thus the order relations 
in case 4 are impossible, also.
Thus given any pair of equivalences (x, 0) ~  (0, y) and (x', 0) ~  (0, %/), we have 
^ More generally, there are fixed p, 9 €  N with (p, 9) =  1 such tha t
(a, 6) ~  (c,d) => -— -  =  - -  
a — c 9
provided th a t a — c /  0 □
If ~  is non-trivial then (p, 9) found above is unique. We shall call this (p, 9) 
the fundamental ratio for M . We need to know how <̂ ((9 ,0)) and 0((O,p)) relate. 
For this purpose, we prove two preparatory lemmas.
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L em m a 3.6. For any a, 6 6  N, 0 ((6 ,0)) <  < (̂(0, a)) implies
(f){{nb, 0)) <  0(((n -  1)6, a)) < 4>{{{n -  2)6,2a)) <  0(((n -  3)6,3a)) <
• • - <  0((26, (n -  2)a)) <  0((6, (n -  l)a)) <  0((O, na)). (3.4)
Proof. We shall prove this claim by induction on n. It follows directly for n =  1.
Suppose true for arbitrary n — 1 . Then we have
0 (((n -  1)6, 0 )) <  <^(((n -  2 )6, a)) < . . .
<  4>{{b, (n -  2)o)) <  0((O, (n -  l)a)). (3.5)
By adding 0((6 ,0)) to each term  in 3.5, we get
0((n6,O)) <  0(((n -  l ) 6,a )) <  . . .  <  0((26, (n -  2)a)) <  0((6, (n -  l)a)) 
and by adding 0((O,a)) to each term in 3.5, we get 
0 (((n -  l ) 6,a)) <  <?>(((n - 2 )6, 2a)) <  . . .
<  <p((6, (n -  l)a)) <  0((O, na)).
Thus,
<6((n6, 0 )) <  4>{{{n -  1)6, a)) < . . .
<  (n -  2)a)) <  0((6, (n -  l)a)) <  0((O, na)). (3.6)
□
Similarly, we can argue:
L em m a  3.7. For any a , 6 6  N, <p((6, 0) >  0((O, a) implies
4>{{nb, 0 )) >  0 (((n -  1)6, a)) >  <^(((n -  2 )6, 2a)) >
. . .  >  Ç)((26, (n -  2)a)) >  0((6, (n -  l)a)) >  0((O, na)). (3.7)
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L em m a 3.8. Suppose ~  is non-trivial and {p,q) is the fundamental ratio for M . 
Then
(g,0) ~  (0,p)
Proof. Fix some x ,y  €  N such th a t (x ,0) ~  (0,y). By Lemma 3.5 we have 
yq =  px. Since (p, ?) =  1 and p, y €  N, we have y =  mp and i  =  mq  for some 
m G N. Thus, 4>{{mq,Q)) =  (^((0, mp)) ^  oo. Now either 0((g,O)) <  <^((0,p)) or 
0 ((O,p)) <  4>{{q,0)).
If 0((y,O)) <  0((O,p)) then inequality 3.4 holds. On the other hand. If 
0((9)O)} <  0((OiP)) inequality 3.7 holds. However, since the extreme elements 
in either of these inequalities are equal, we have
0 ((my, 0 )) =  4>{{{m -  l)y,p)) =  4>{{{m -  2)y,p)) . . .
=  (f>{{2q, (m -  2)p)) =  0((y, (m -  l)p)) =  0((O, mp)).
By the Hion condition, we can cancel 0(((m  — 2)y,p)) from both sides of:
0 (((m -  l)y ,p)) =  0 (((m -  2)y ,2p)),
and we get
0 ({?,O)) =  0 ((O,p))
Finally, 0((y, 0)) oo, because 0 ((my, 0)) 7  ̂ oo. □
L em m a  3.9. Suppose (p, q) is the Fundamental Ratio o f M  The rule ^  : ap-\-bq 
<h{{a,b)) defines a monoid homomorphism from ( p , q )  -> M .
Proof. We need to show that 0 is well defined. Suppose ap-i-bq = a'p-\-b'q. To show 
that 0 (ap +  bq) = à{a'p +  b'q) it is sufficient to show th a t 4>{{a,b)) =  0 ( (a ',6')),
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since < (̂ap +  bq) =  <f>{{a,b)) and ^{a'p +  b'q) =  <^((o',6')). Notice tha t in ((ÿ, we 
have
ap + bq = a'p +  b'q 4=>
ap — a'p = b'q — bq <==>
(a — a')p =  (6' — 6)g
(a — a')p _  (6' — 6)9 
(a — a')q {a — a')q
p _  ( | 6 ' - M )
q (I a -  a ' I)
I 6' — 6 1= pm  and | a — a' |=  qm
Each of these values is defined in f f .  By Lemma 3.8, we know that (p{{q,0)) =  
0((O,p)). Thus 0{(mg, 0)) =  0((O, mp)). Substituting equivalent values, we get 
0 ((| a — a' 1,0)) =  0((O, I b' — b |)). By adding 0 ( (a ',6)) to both sides we get 
4>{{a,b)) =  <p{{a',b')). Hence ap + bq = a'p +  b'q implies 0(ap +  bq) =  0 ((a, 6)) =  
0 ((a', 6')) =  0 (a'p +  b'q). □
Lem m a 3.10. Let d — min{ap +  6ç|0(a, 6) =  0 0 }. Then
0(op +  bq) =  0(ap' +  bq')
0((a,6)) =  0((a ',6 ')) 7̂  00 or 
ap + b q > d
Proof. =>  Suppose 0(ap +  bq) =  0(ap' +  69 )̂ and ap + bq < d. Since ap +  69 <  d, 
we know 0(a, 6) 7  ̂ 0 0 . Thus
0 0  76 0 ((a, 6)) =  0 (op +  69) =  0 (a'p +  6'9) =  0 ((a', b')).
< =  Suppose 0 ((a, 6)) =  0 ( (a ',6')) 76 oc. Then by definition ap + bq < d and 
a'p + lfq < d .  Thus by the definition of 0:
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0 (ap +  bq) =  </»((a, 6)) =  </»((a', b')) =  ^{a'p +  b'q)
Suppose ap+bq >  d. Then </>((a, 6)) =  oo. Thus ^{ap+bq) =  0((a, 6)) =  oo. So 
if ̂ {ap+bq) = ^{a'p+b'q), then cp{{a', b')) =  ^{a'p+b'q) — oo and a'p+b'q > d. □
L em m a 3 .11 . ^  : (j>,q) M  is order preserving.
Proof. We need to prove tha t for ail a, b,c,d e  N,
ap + bq> cp + d q ^  0 (a, 6) >  4>{c, d)
.A.ctually, we will prove the contrapositive:
0 (a, 6) <  0 (c, d) ap +bq < cp + dq
The strict order relation being cancellative, this reduces to demonstrating the 
following implictions for all a, 6, c, d €  N:
0 (0 ,6) <  0(c, 0) => 6? <  cp, (3.8)
0 (a, 0) <  0(0, d) =*- op <  dg. (3.9)
Suppose we have a counterexample, i.e., a  pair of integers tha t contradicts one of 
these implications. By Lemma 3.8 we either have a pair (6, c) such that
3)0(0 ,6) <  0(c, 0) and bq>cp,  (3.10)
or we have a pair of integers (a, d) such that
4)0(o, 0) <  0(0, d) and ap > dq. (3.11)
(W ithout Lemma 3.8, we would have 3.10’ 0(0,6) <  0(c, 0) and bq > cp.)
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Note tha t if the pair (6, c) satisfies 3.10 then by Lemma 3.8 so does the pair 
{b — p ,c  — q), provided tha t both b — p and c — q are non-negative. Moreover, since 
^ if there is any pair satisftying 3.10 then there must be a pair (6, c) that 
satisfies 3.10 and has c < q. Similarly, if there is any pair satisfying 3.11, then 
there must be a pair (a, d) with d < p.
For the sake of arguement, let us assume tha t there is a  pair (6 , c) tha t satisfies 
3.10. (Under the alternate hypothesis tha t there is a pair satisftying 3.11, the 
argument proceeds in an analogous fashion). As just explained, we can assume 
c < q. There are two possibilities: b > p or b < p. l f b >  p, then 0 (0 ,6) =  0(g, b—p) 
by Lemma 3.8, so 0(ç, b—p) < 0(c, 0). But this is absurd, since q > c and b—p > 0. 
Therefore, b < p. In this case,
0 (9 , 0 ) =  0(0, p) <  0 ( c , p - 6 ) ,
so
0 (g -  c ,0 ) <  0 (0 ,p -  b).
This gives a pair {q — c,p — b) tha t satisfies (4).
The inequalities tha t we have (Namely q > c, b < p, and bq > cp) imply 
that the convex cone in generated by the vectors (c, —6), {p — b,c — q), (1, 0 ), 
and (0,1) is not proper. (To see this, note tha t ( - 1 , - 1 )  is in the interior of the 
angle formed by the first two of these vectors.) But by [14, Proposition 4.4 ] , if 
{(f>{ui,Vi) < 4>{wi,Xi) I i = 1 ,2 , . . .  , t }  is a finite collection of inequalities in M  
then the vectors {(u;,- — — ut) | i =  1 ,2 , . . .  , A:} must lie in a proper cone
in Q^. (A similar contradiction can be deduced from the assumption that some 
pair satisfies 3.11). Therefore 3.8 and 3.9 hold, and this completes the proof of the 
lemma. □
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To see tha t M  has property (r), we to need note tha t 0  is a  surjective tomonoid 
morphism (surjective because it is defined in terms of the surjective morphism 
4>) and tha t the congruence d induced by 0  is a convex ideal, indeed it is an 
upper interval. Thus M  is a quotient of the subtomonoid (p, q) of Pf (hence of a 
subtomonoid of a  totally ordered abelian group and a convex ideal, [d, oo).
An analogous proof to tha t of 3.1 which utilizes relations introduced in the 
proof of [14, Theorem 6 .1] , shows the following to be true.
T heorem  3.12. Let S  =  (5 i ,7)  where S\ is isomorphic to a subtomonoid o/N/w , 
w =  {d 6  N I d >  w}, and 7  is an element o f S . Let tt : N —̂ N / o j  be the canonical 
map. Let T  :=  7T“ ^(5i). Suppose that there is an M  e  N such that for any n e  N, 
M  < n implies n E T . Suppose also tt{M) < c. Lastly, suppose S  is Hion. Then 
S  satisfies the property (r).
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C hapter 4  
A Classification of Positive N il 
Tomonoids with 6, 7, and 8 Elem ents
In this chapter we shall classify the positive nil tomonoids with 6 , 7, and 8 elements. 
The classification has 2 im portant corollaries:
1) All positive nil tomonoids with 8 or fewer elements are formally integral.
2) All positive, Hion nil tomonoids with 8 or fewer elements satisfy property
(r).
4.1 The M ethod
Our method of classification is as follows. First, we name the generators in order. 
Then, we impose more and more conditions -  generally equalities or inequalities 
among sums of generators -  until enough conditions are accumulated to determine 
the addition table completely. Thus there is (up to isomorphism) a unique positive 
nil tomonoid satisfying all the listed conditions. Now, when we lengthen a list of 
conditions, we always consider all of the alternatives in a  set of mutually exclusive 
additional conditions tha t exhaust all possibilities. In this way, we produce a tree 
of conditions with branches tha t term inate when the conditions are sufficient to 
completely characterize an isomorphism type. We shall display our tree in outline 
form.
4.2 Six—Element, Positive Nil Tomonoids of 
Rank 2
We shall detail the classification of the 6-element, positive nil tomonoids of rank 
2 in order to  illustrate the method used in the general classification.
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Let M  =  {0, a, b, c, d, 00} be a  positive nil tomonoid of rank 2 with generators 
a < b. Then 2a € M , so assume c =  2a. We consider the position of c in the 
ordered list of elements. Because 6 is a generator, either 2a <  6 or 6 <  2a. 
Suppose 2a <  b. This implies d = 3a. Then either 3a <  6 or 6 <  3a.
There is a unique tomonoid satisfying all these conditions and having 3a <  6. 
The operation table for this monoid is:
TABLE 4.1
0 a c d b 0 a 2a 3a b
a c d 00 00 a 2a 3a 00 00
c d 00 00 00 or 2a 3a 00 00 00
d 00 00 00 00 3a 00 00 00 00
b 00 00 00 00 b 00 00 00 00
the other hand b < 3a, then either 3a <  a +  6 or 3a =  a +  b.
by Lemma 1.32, 3a ^  4a.) In the former case, there is precisely one positive nil 
tomonoid satisfying all the conditions we have imposed. Its operation table is:
TABLE 4.2
0 a c b d 0 a 2a b 3a
a c d DC 0 0 a 2a 3a 0 0 0 0
c d 0 0 0 0 0 0 or 2a 3a 0 0 0 0 0 0
b 0 0 0 0 0 0 0 0 b 0 0 0 0 0 0 0 0
d 0 0 0 0 00 00 3a 0 0 0 0 0 0 0 0
In the latter case (3a =  a +  6) there is also a  unique, positive nil tomonoid which 
satisfies all the conditions we have imposed. Its is:
TABLE 4.3
0 a c b d 0 a 2a b 3a
a c d d 00 a 2a 3a a+ b 00
c d 00 00 00 or 2a 3a 00 00 00
b d 00 00 00 b a+ b 00 00 00
d 00 00 00 00 3a 00 00 00 00
This concludes the list of possible 6-element, positive nil tomonoids with rank 
2 and with 2a <  6.
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Suppose instead that b < 2a. Then either 2a <  a +  6 or 2a =  a +  6. From this
point on the tree becomes somewhat complex. Hence, we illustrate it below. We
begin with the ordered list of elements 0 < a < b < c < d < o o  where c =  2a.
Then we consider the various posibilities. The term ination of any given branch is
denoted by a bullet (•). Thus each bullet denotes the existence of precisely one
positive nil tomonoid which satisfies the list of conditions culminating with the
condition bulleted.
1. a < b < 2a < d
a. 2a < a + b
i. 3a < 26#
ii. 26 <  3a#
iii. 3a =  26
a. a + b < 3a#
/?. a + b = 3a#
b. 2a =  a +  6
i. 3a <  oo#
ii. 3a =  oc#
Now we elaborate on the meaning of the branches through out this tree.
(a.) If 2a <  a +  6, then we may have any one of the following 3a <  26, 26 <  3a, 
or 26 =  3a.
(i.) Suppose 3a <  26. This, in conjunction with the preceeding assumptions,
implies d =  a  4- 6 =  3a and 26 =  oo. The unique tomonoid satisfying these has the
operation table:
TABLE 4.4 (2ai.)
0 a b c d 0 a b 2a 3a
a c d d oo a 2a a+ b 3a oo
b d oo oo oo or b a+ b oo oo oo
c d oo oo oo c 3a oo oo oo
d oo oo oo oo d oo oo oo oo
(ii.) Now suppose 26 <  3a. The preceeding assumptions yield c =  2a and 
d = a + b. Thus 26 <  3a implies d =  a +  6 =  26 and 3a =  oo. The unique tomonoid 
satisfying these conditions has the operation table:
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TABLE 4.5 (2aii.)
0 a b c d 0 a b 2a 3a
a c d d oo a 2a a+ b 3a oo
b d d oo oo or b a+ b 2b oo oo
c d oo oo oo c 3a oo oo oo
d oo oo oo oo d oo oo oo oo
(iii.) Now suppose 26 = 
satisfying 1.) a <  6 <  2a, a.) 
(a.) 3a =  oo and the other 
positive nil tomonoids are:
: 3a. There are exactly two positive nil tomonoids 
2a <  a +  6, and (iii.) 26 =  3a. One of these satisfies 
one satisfies (/).) 3a <  oo. The tables of these two
TABLE 4.6 (2aiii a.)
0 a b c d 0 a b 2a 3a
a c d oo oo a 2a a+ b oo oo
b d oo oo oo or b a+ b oo oo 00
c oo oo oo oo c oo oo oo oo
d oo oo oo 00 d oo oo 00 oo
TABLE 4.7 (2aiii /?.)
0 a b c d 0 a b 2a a+ b
a c d d oo a 2a a+ b 2a+ b oo
b d d oo oo or b a+ b 2b oo oo
c d oo oo oo a+ b 2a+ b oo oo oo
d oo oo oo 00 d oo 00 oo oo
(b.) Lastly, suppose 2a =  a +  6. This equality forces a +  26 =  3a =  2a +  6
By Lemma 1.32, 26 <  a +  26, thus there is precisely one positive nil tomonoid
satisftying each of (i.) a +  6 =  26 and (ii.) a +  6 <  26. The operation tables of
these positive nil tomonoids are:
TABLE 4.8 (2bi.)
0 a b c d 0 a b 2a a+ b
a c c d 00 a 2a a+ b 3a oo
b c c d oo or b a+ b 2b 2a+ b oo
c d d oo oo 2a 3a oo 00 oo
d oo oo oo 00 a+ b 2a+ b oo oo oo
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TABLE 4.9 (2bii.)
0 a b c d 0 a b 2a a+ b
a c c oc oc a 2a a+ b oc oc
b c d 00 oc or b a+ b 2b oc oc
c 00 00 00 oc 2a oc oc oc oc
d 00 00 00 oc a+ b oc oc oc oc
The six tomonoids from the outline and the three found earlier give us all 9 of the 
possible positive nil tomonoids with 6 elements of rank 2 .
R em ark 4 .1 . The positive nil tomonoids in Tables 4.1 and 4.2 can be constructed 
by adjoining 6 to a 5-element, positive nil tomonoid in a  m anner satisfying the 
hypothesis of Propsition 2.11.
{0 <  a <  2a <  3a <  6 <  oo} =  {0 <  a <  2a <  3a <  oo} U {6} 4.1
(0 <  a <  2a <  6 <  3a <  oo} =  (0 <  a <  2a <  3a <  oo} U {6} 4.2
Positive nil tomonoids th a t can be constructed in this manner will not be listed 
individually in the outline.
4.3 The Outline
We shall now classify the various positive nil tomonoids with 6,7, and 8 elements. 
The first condition imposed will be the rank. The second condition considered 
will be either th a t the tomoonoid can or cannot be contructed as described in 
Remark 4.1. (These tomonids are indicated, in the outline, by a double bullet (••).) 
Successive conditions will be added, as demonstrated above, until a unique positive 
nil tomonoid is determined. The operation table of each positive nil tomonoid of 
rank 3, 4, or 5 is recorded in Appendix 1.
A classification of tomonoids with 6 elements.
I. Consider tomonoids with rank 3 with a < b < c
A. For ail X G M \{0}, x +  c =  oo • •
B. For some x G M \{0}, x +  c 7̂  oo
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will be either tha t the tomoonoid can or cannot be contructed as described in 
Remark 4.1. (These tomonids are indicated, in the outline, by a double bullet (••).) 
Successive conditions will be added, as demonstrated above, until a unique positive 
nil tomonoid is determined. The operation table of each positive nil tomonoid of 
rank 3, 4 , or 5 is recorded in Appendix 1.
A classification of tomonoids with 6 elements.
I. Consider tomonoids with rank 3 with a < b < c
A. For all z  G M \{0}, a: +  c =  oo • •
B. For some x 6  M \{0}, x  + c ^  oo
1. a +  c <  26#
2. a +  c =  26
a. 26 <  6 +  c#
b. 26 =  6 +  c
i. 6 +  c <  2c#
ii. 6 +  c =  2c#
II. Consider tomonoids of rank 2 with a <  6
A. For each x E M \{0}, x +  6 =  oo # #
B. For some x E M \{0}, x +  6 oo
1. a <  2a <  6 <  d#
2. a < b < 2a < d
a. 2a <  a +  6
i. 3a <  26#
ii. 26 <  3a#
iii. 3a =  26
a. a + b < 3a# 
p. a + b = 3a#
b. 2a =  a +  6
i. 3a <  oo#
ii. 3a =  oo#
A classification of tomonoids with 7 elements.
I. Consider tomonoids with rank 4 with a < b < c < d
A. For each x E M \{0}, x +  d =  oo # #
B. For some x E M \(0 } , x +  d ^  oo
1. a +  d <  26#
2. a +  d =  26
a. 26 <  6 +  c#
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b. 2b = b + c
i. b + d < 2 c  = oo#
ii. 2c < b + d = oc#
iii. 2c — b + d
a. 6 +  c <  2c#
0. 6 +  c =  2c
1. 2c <  c +  (i#
2 . 2c = c-\- d
2 .1. c +  d <  2d#
2 .2 . c +  d =  2d#
II. Consider tomonoids of rank 3 with a < b  < c
A. For each x  G M \{0}, i  +  c =  oo # #.
B. For some x  G M \{0}, x +  c 7  ̂ oo
1. 0 <1 a <1 d <1 6 < i c <1 e <1 00#
2 . 0 <2 a <2 6 <2  d <2 c <2 e <2  00
a. 2û <  a +  6
i. a +  c <  26#
ii. a +  c =  26#
b. 2a =  a +  6#
3. 0 <3 a <3 6 <3 c <3  d <3 e <3 00
a. 2a < a +  6
i. a +  c <  Sa
a . a +  c <  26#
/3. a +  c =  26
1. 26 <  6 +  c#
2 . 26 =  6 +  c
2 .1. 6 +  c <  2c#
2 .2 . 6 +  c =  2c#
ii. a +  c =  3a
Q. Sa <  26#
(3. Sa =  26
1. 26 <  6 +  c#
2 . 26 =  6 +  c
2 .1. 6 +  c <  2c#
2 .2 . 6 +  c =  2c#
b. 2a =  a +  6
i. a +  6 <  26
a. a +  6 < a  +  c
1. a  +  c <  26#
2 . a  +  c =  26
2 .1. 26 <  6 +  c#
2 .2 . 26 =  6 +  c
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2.2.1. b + c <  2c#
2.2.2. 6 +  c =  2c#
0. a + b = a + c
1. 26 <  6 +  c#
2. 26 =  6 +  c
2.1. 6 +  c <  2c#
2.2. 6 +  c =  2c#
ii. a +  6 =  26
a . 26 <  a +  c
1. a +  c <  6 +  c#
2. a +  c =  6 +  c
2.1. 2c <  3a =  oo#
2 .2 . 3a <  2c =  oc#
2.3 . 2c =  3a
2.3 .1. 6 +  c <  2c#
2.3.2 . 6 +  c =  2c#
0 . 26 =  a +  c
1. a +  c < 6  +  c
1.1. 6 +  c <  2c#
1.2. 6 4- c =  2c#
2. a +  c =  6 +  c
2.1. 6 +  c <  2c#
2.2. 6 +  c =  2c#
III. Consider tomonoids with rank 2 with a <  6
A. For each x  €  M \{ 0}, x +  6 =  oo. # #
B. For some x G M \{ 0}, x +  6 oo.
1. a <  2a < b < d < e
a. 3a <  a +  6
i. a +  6 <  4a#
ii. a +  6 =  4a#
b. 3a =  a +  6
i. 2a +  6 <  26#
ii. 2a +  6 =  26#
2. a <  2a <  d <  6 <  e#
3. a <  6 <  2a <  d <  e#
a. 2a < a + b
i. 26 <  3a
a . a +  6 <  26#
0. a + b = 2b
1. 3a <  2a +  6#
2. 3a =  2a +  6#
ii. 3a <  26
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a. a + b < 3o#
/?. a + b = Za
1. 2b < 2a + 6#
2. 2b = 2a + b*
iii. 3a =  2b
a. 26 <  2a +  6#
/?. 26 =  2a +  6#
b. 2a = a + b
i. a +  6 <  26
a. a + 2b < 36#
/?. a +  26 =  36#
ii. a +  6 =  26#
A classification of tomonoids with 8 elements.
I. Consider tomonoids with rank 5 with a < b < c < d < e
A. For all x  G M \{ 0}, x +  e =  oo ##
B. For some x 6 M \{ 0}, x +  e ^  oo.
1. a + e < 26#
2. a  +  e =  26
a. 26 <  6 +  c#
b. 26 =  6 +  c
i. 2c < b + d»
ii. 6 +  d <  2c
a . 6 +  d <  6 +  e#
3 . b + d = b + e*
iii. b + d = 2c
a. b + c < 2c#
/?. 6 +  c =  2c
1. 6 +  e <  c +  d#
2. c +  d < 6 - | - e
2.1. c + d < 2d»
2.2. c + d = 2d»
3. c + d  =  6 +  e
3.1. 2c <  6 +  e#
3.2 . 2c =  6 +  e
3.2 .1. 2d ^  c + e#
3.2 .2. c + e < 2d»
3.2 .3. c +  e =  2d
3 .2.3.1. 6 +  e <  2d#
3.2 .3.2. 6 +  e =  2d
3.2.3.2 .I. 2d <  d +  e# 
3.2.3.2 2. 2d =  d +  e
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3.2.3.2.2.1. d +  e <  2e«
3.2.3.2.2.2. d +  e =  2e«
II. Consider tomonoids with rank 4 with a < b < c < d
A. For each x  € M \{ 0}, d +  x =  oo. • •
B. For some x € M \{ 0}, d +  x oo.
1. a < e < b  < c < d < f*
2 . a < b  < e < c < d < f
a. 2a < a + b
i. a +  d <  26#
ii. a +  d =  26#
b. 2a =  a +  6
i. 6 +  e <  6 +  c#
ii. 6 +  e =  6 +  c
a.  6 +  c <  6 +  d#
6 +  c =  6 +  d#
3. a < b  < c < e < d < f
a. 2a <  a +  6
i. a +  d <  26#
ii. a +  d =  26
a . 26 <  6 +  c#
/?. 26 =  6 +  c
1. 6 +  c <  2c#
2. 6 +  c =  2c#
b. 2a = a + b
i. o +  6 <  a +  c
a.  6 +  d <  2c# 
p.  2c <  6 +  d#
7. 6 +  d =  2c
1. 6 +  e <  6 +  d#
2. 6 +  e =  6 +  d#
ii. a +  6 =  a +  c
a . 6 +  e <  6 +  d#
/?. 6 +  e =  6 +  d
1. 6 +  d <  c +  d#
2. 6 +  d =  c +  d#
4 . a < b  < c < d < e < f
a. 2o <  a +  6
i. a +  e <  26 =  0 0 #
ii. 26 <  a +  e =  0 0
Q. 26 <  6 +  c# 
p.  26 =  6 +  c
1. 6 +  d <  2c =  oc#
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2. 2c <  6 +  rf =  oo#
3. b + d = 2c
3.1. 6 +  c <  6 +  d#
3.2. b + a = b + d
3.2.1. 6 +  d <  c +  d#
3.2.2. 6 +  d =  c +  d
3 .2.2.1. c +  d <  2d*
3.2.2 .2. c +  d =  2d*
iii. 26 =  a +  e
a . a +  d <  26*
/?. a +  d =  26
1. 26 <  6 +  c*
2. 26 =  6 +  c
2.1. 6 +  d <  2c =  oo*
2.2. 2c <  6 +  d =  oo*
2.3 . b + d = 2c
2.3.1. 6 +  c <  6 +  d*
2.3.2. 6 +  c =  6 +  d
2.3.2.1. 6 +  d ■< c +  d*
2.3.2 2. 6 +  d =  c +  d
2.3 .2 .2.1. c +  d <  2d*
2.3.2 2.2. c +  d =  2d*
b. 2a =  a +  6
i. a +  6 < a  +  c 
a. a + c < 26*
(3. 26 =  a +  c
1. 26 <  6 +  c*
2. 26 =  6 +  c
2.1. 6 +  d <  2c*
2.2. 2c <  6 +  d*
2.3. 2c =  6 +  d
2.3.1. 6 +  c <  2c*
2.3 .2 . 6 +  c =  2c
2.3.2.1. 6 +  d <  c +  d*
2.3.2.2. 6 +  d =  c +  d
2.3.2 .2.1. c +  d <  2d*
2.3.2 .2.2. c +  d =  2d*
7. 26 <  0 +  c
1. a +  d <  o +  e
1.1. a +  d <  6 +  c*
1.2. a +  d =  6 +  c
1.2.1. 6 +  d <  2c*
1.2.2. 2 c <  6 +  d*
1.2 .3. 6 +  d =  2c
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1.2.3.1. 6 +  c <  2c#
1.2.3.2. b + c = 2c
1.2.3 .2 .1. 2c <  c +  rf#
1.2.3 .2.2. 2c =  c +  d
1.2.3.2 .2 .1. c + d <  2d»
1.2.3.2.2.2 . c +  d =  2d .
2. a +  d =  a +  e
2.1. 6 +  e <  2c#
2.2. 6 +  e =  2c
2.2.1. 2c <  c +  d#
2.2.2. 2c =  c +  d
2.2.2.1. c +  d <  2d#
2.2.2.2. c +  d =  2d#
ii. a + b = a + c
a. a + c < a + d
1. a +  c <  26
1.1. a +  d <  26#
1.2. a +  d =  26
1.2.1. 26 <  6 +  c#
1.2.2. 26 =  6 +  c
1.2.2.1. 6 +  d <  2c#
1.2.2.2. 2c <  6 +  d#
1.2.2 .3. 2c =  6 +  d
1.2 .2 3 .1. 6 +  c <  6 +  d#
1.2.2.3.2. 6 +  c =  6 +  d
1.2.2 3 .2.1. 6 +  d <  c +  d#
1.2.2.3 .2.2. 6 +  d =  c +  d
1.2.2.3 .2.2 .1. c +  d <  2d#
1.2 .2 .3 .2.2 .2 . c +  d =  2d#
2. a +  c =  26
2.1. a +  d <  a +  e
2.1.1. 26 <  6 +  c
2.1.1.1. a +  d <  6 +  c#
2.1.1.2. a +  d =  6 +  c
2.1.1.2.1. 2c <  6 +  d#
2.1.1.2.2. 6 +  d <  2c#
2.1.1.2.3. 2c =  6 +  d
2.1.1.2.3 .1. 6 +  c <  2c#
2.1.1.2.3 .2 . 6 +  c =  2c
2.L 1.2.3 .2.1. 2c <  c + d #
2.1.1.2.3 .2.2 . 2c =  c +  d
2 .1.1.2.3.2 .2.1. c +  d <  2d#
2 .1.1.2 .3 .2 .2 .2. c +  d =  2d#
2.1.2. 26 =  6 +  c
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2 .L 2 .1. 2 c < h  + d
2 .1.2 .1.1. 6 +  c <  2c»
2 .1.2 .1.2 . 6 +  c =  2c
2 .1.2 .1.2 .1. a +  •< 6 +  d»
2 .1.2 .1.2 .2 . a + d = b + d
2 .1.2 .1.2 .2 .1. 6 +  ci <  c +  ci#
2 .1.2 .1.2 .2 .2 . b ^ - d  = c + d
2 .1.2 .1.2 .2 .2 .L c + d < 2 d »
2 .1.2 .1.2 .2 .2 .2 . c + d = 2d»
2 .1.2 .2 . 6 +  ci <  2c»
2.1.2.3. 2c =  6 +  ci
2 .1.2 .3.1. a +  ci <  2c»
2 .1.2 .3.2 . o +  ci =  2c
2.L2.3.2.1. 2c < c + d*
2.1.2.3.2.2. 2c =  c +  ci
2.I.2.3.2.2.I. c +  ci <  2ci»
2.1.2 3.2.2.2. c +  ci =  2ci»
2 .2 . a +  ci =  a +  e
2 .2 .1. a +  e <  2ci»
2 .2 .2 . 2ci =  a +  e» 
p. a + c = a + d
1. a + d <2b
1.1. 26 <  6 +  c»
1.2 . 26 =  6 +  c
1.2 .1 . b + d < 2c»
1.2 .2 . 2c <  6 +  ci»
1.2.3. b + d = 2c
1.2 .3.1. 6 +  c <  2c»
1.2.3.2. 6 +  c =  2c
1.2 .3.2 .1. 2c < c + d*
1.2.3.2.2. 2c = c + d
1.2.3.2.2.1. c +  ci <  2ci»
1.2.3.2.2.2. c + d  = 2d*
2 . a +  ci =  26
2 .1. 26 <  6 +  c
2 .1.1. 6 +  ci <  2c»
2 .1.2 . 2c <  6 +  ci»
2.1.3. 6 +  ci =  2c
2.1.3.1. 6 +  c <  2c»
2.1.3.2. 6 +  c =  2c
2.1.3.2.1. 2c < c + d*
2.1.3.2.2. 2c = c + d
2.1.3.2.2.1. c +  ci<  2ci»
2.1.3.2.2.2. c +  ci =  2ci»
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2 .2 . 2h = h + c
2.2.1. 6 +  c <  2c
2.2.1.1. 2c <  6 +  rf»
2.2.1.2. 6 +  d <  2c
2.2.1.2.1. 6 -f- c <  6 +  rf*
2.2.1.2.2. 6 +  c =  6 +  d
2.2.I.2.2.I. 2c <  c +  de
2.2.12.2.2. 2c = c + d
2.2.1.2.2.2.1. c +  d <  2de
2.2.1.2.2.2.2. c +  d =  2d#
2 .2 .1.3 . 6 +  d =  2c
2.2.1.3 .1. 2c <  c +  de
2.2.1.3.2. 2c =  c +  d 
2.2.1.3.21. c + d <  2de
2.2.1.3 .2 .2. c +  d =  2de
2.2.2. 6 +  c =  2c
2.2.2.1. 2c <  6 +  d
2.2.2.1.1. 6 +  d <  c +  de
2.2.2.1.2. 6 +  d =  c +  d
2.2.2.1.2.1. c + d <  2de
2.2.2.1.2.2. c +  d =  2de
2.2.2.2. 2c =  6 +  d
2.2.2.2.1. 6 +  d <  c +  d
2.2.2.2.1.1. c + d <  2de
2.2.2.2.1.2. c +  d =  2de
2.2.2 2.2. 6 +  d =  c +  d
2.2.2.2.2.1. c +  d <  2de
2.2.2.2.2.2. c +  d =  2de
III. Consider tomonoids with rank 3 with a < b < c
A.  For all x  G M \{ 0}, x +  c =  oo. e e
B. For some x G M \ { 0}, x +  c ^  oo.
1. a <1 d <1 6 <1 c <1 e <1 /
a. a +  d < a  +  6
i. a +  c <  a +  ee
ii. a +  c =  a +  ee
b. a +  d =  o +  6 < 6  +  d
i. a +  6 < a  +  c
Q. a +  c <  a +  ee 
p. a + c = a + e
1. 6 +  d <  26e
2. 6 +  d =  26e
ii. a +  6 =  a +  c
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a. d + c < 26#
/?. d + c = 2b
1. 26 <  6 +  c#
2. 26 =  6 +  c
2.1. 6 +  c <  2c#
2.2. 6 +  c =  2c#
2. a <2 d <2 6 <2 e <2 c <2 /
a. a +  d <  a +  6#
b. a + d = a + b
i. a + c < 26#
ii. a + c = 26#
3. a <3 d <3 e <3 6 <3 c <3 /#
4 . a <4 6 <4 d <4 c <4 e <4 /
a. 2a <  a -f- 6
i. 26 <  a +  d
a. a +  c <  a +  e#
(3. a +  c =  a -f e#
ii. a +  d <  26
Q. a +  6 <  a +  d#
/?. a +  6 =  a +  d
1. a +  d < a  +  c
1.1. a +  c <  26#
1.2. a +  c =  26
1.2.1. 26 <  6 +  d#
1.2.2. 26 =  6 +  d
1.2.2.1. 6 +  d <  6 +  c#
1.2.2.2. 6 +  d =  6 +  c#
2. a +  d =  a +  c
2.1. 26 <  a +  e#
2.2. 26 =  a +  e
2.2.1. a +  e <  2c#
2.2.2. a +  e =  2c#
iii. 26 =  a +  d
a. a +  6 <  26
1. a +  c <  a +  e#
2. a +  c =  a +  e
2.1. a +  e <  6 +  c#
2.2. a +  e =  6 +  c# 
j3. a +  6 =  26
b. 2a =  a +  6
i. a +  6 <  26
Q. 6 +  d <  6 +  c#
(3. 6 +  d =  6 +  c
1. 6 +  c <  6 +  e#
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2. 6 +  c =  6 +  e»
ii. a + b = 2 b
a. b + d < a  + c < 2 a + c
1. b + c < a + e»
2 . b + c = a + e
2.1. a + c < a + e»
2.2. a +  c =  a +  e«
/3. b + d = a + c
1. a + c < b  + c»
2. a + c = b + c
2.1. c + d < 2ce
2.2. c +  d =  2c#
5 . a <5 6 <5 d <5 e <5 c <5 /
a. 2a <  a +  6
i. 2 b < a + d
a. b + e < b + c*
(3. b + e = b + c*
ii. a + d < 26#
iii. 26 =  a 4- d
b. 2a =  a +  6
i. a +  6 <  26
Q. 6 +  d <  6 +  e#
/?. 6 +  d =  6 +  e
1. 6 +  e <  6 +  c#
2. 6 +  e =  6 +  c#
ii. a +  6 =  26 <  a +  d
a. b + e < b + 0 9  
p. b + e = b + C9
6. a <6 6 <6 c <6 d <6 e <6 /
a. 2a <  a +  6
i. a +  6 <  26
a. a +  6 < a  +  c 
^ 1. a +  c < a  +  d
1.1. a + c < 26#
1.2. a +  c =  26
1.2.1. 26 <  6 +  c#
1.2.2. 26 =  6 +  c
1.2.2.1. 6 +  c <  2c#
1.2.2.2. 6 +  c =  2c#
2. a + c = a + d
2.1. a + d < 26#
2.2. a + d = 2 b
2 .2 .1. 26 <  6 4- c#
2.2.2. 26 =  6 +  c
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2.2.2.1. 6 +  c <  6 +  rf
2.2.2.1.1. b + c < 2 cm
2.2.2.1.2. b + c = 2 c» 
2.2.2 2. b + c = b + d
2.2.2.2.1. b + d < 2 c» 
2.2.2 2.2. 6 +  d =  2c«
/?. a +  6 =  a - f c
1. a + c < a + d
1.1. 2 b < a + d
1.1.1. 2 b < b + c»
1.1.2. 2 b = b + c
1.1.2.1. b + c < 2c#
1.1.2.2. b + c = 2c#
1.2. a + d < 26#
1.3 . a +  d =  26
1.3 .1. 26 <  6 +  c#
1.3 .2 . 26 =  6 +  c
1.3.2 .1. 2c <  6 +  d#
1.3 .2.2. 2c =  6 +  d
1.3.2.2 .1. 6 +  c <  2c#
1.3.2.2 .2. 6 +  c =  2c#
2. a + c = a + d
2.1. a +  d <  26
2.1.1. 26 <  6 +  c#
2.1.2. 26 =  6 +  c
2.1.2.1. 6 +  c <  2c#
2.1.2.2. 6 +  c =  2c
2.1.2.2.1. 2c <  a +  e#
2.1.2.2.2. 2c =  a +  e#
ii. a +  6 =  26
a. 26 <  û +  c
1. 6 +  c < a  +  d =  oo
1.1. 6 +  c <  2c#
1.2. 6 +  c =  2c#
2. a +  d < 6  +  c =  oo#
3 . a +  d =  6 +  c
3.1. a + c < a + d»
3 .2 . a + c = a + d
3.2.1. 6 +  c <  6 +  d
3.2 .1.1. 6 +  c <  2c#
3.2 .1.2 . 6 +  c =  2c#
3 .2 .2. 6 +  c =  6 +  d
3 .2 .2 .1. 6 +  c <  2c#
3.2 .2 .2. 6 +  c =  2c#
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p. a + c = 2 b
1. 2 b < a  + d
1.1. 2 b < b + c
1.1.1. a + d < b + c*
1.1.2. b + c < a + d
1.1.2.1. b + c < 2c#
1.1.2.2. b + c = 2c#
1.1.3 . b + c = a + d
1.1.3 .1. 2c =  6 +  d#
1.1.3.2 . 2c < b + d*
1.2. 2 b = b + c
1.2.1. 6 +  c <  2c
1.2.1.1. 2 c < a + d = oo#
1.2.1.2. a +  d <  2c =  oo#
1.2 .1.3 . a +  d =  2c <  oo#
1.2.2. 6 +  c =  2c
1.2.2.1. a + d K. b + d#
1.2.2.2. a + d = b + d»
2. 2 b — a + d
2.1. a + d K. b + c
2.1.1. 6 +  c <  2c =  oo#
2.1.2. 6 +  c =  2c <  00#
2.2. a +  d =  6 +  c#
b. 2a =  a +  6
i. a +  6 <  26
a. a +  6 < a  +  c
1. a + c < a + d
1.1. a +  c <  26
1.1.1. 26 <  6 +  c#
1.1.2. 26 =  6 +  c
1.1.2.1. 6 +  c <  2c#
1.1.2.2. 6 +  c =  2c#
1.2. 2 b < a + c
1.2.1. a +  c <  6 +  c#
1.2.2. a +  c =  6 +  c
1.2.2.1. 2c <  a +  d#
1.2.2.2. a +  d <  2c =  oo#
12.2.2.1. a + G “C. b + e#
I.2.2.2.2. a +  e =  6 +  e#
1.2.2.3 . a +  d =  2c
1.2.2.3.1. 6 +  c <  a +  d# 
1.2 .2.3 2. 6 +  c =  a +  d#
I .2.2.3 .2 .I. a +  e <  6 +  e#
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1.2.2.3 .2 .2. a + e = b + e»
1.3 . 2b = a + c
1.3 .1. 2b < b + c
1.3 .1.1. a + d = 2c = oo#
1.3.1.2. 2c < a + d = oc#
1.3 .2 . 2b = b + c
1.3 .2.1. 6 +  c <  2c
1.3 .2.2 . b + c = 2c# 
p. a + b = a + c
1. 2 b < b + c
1.1 6 +  c <  2c#
1.2. b + c = 2c#
2. 2 b = b + c
2.1. b + c < 2c#
2.2. 6 +  c =  2c
2.2.1. a + d < b + 69
2.2.2. a + d = b + 6 9
ii. a + b = 2 b
a. 2 b < a + c
1. û +  c < 6  +  c
1.1. 2c <  a +  d#
1.2. 2c =  a +  d
1.2.1. b + c < 2c#
1.2.2. b + c =  2c#
1.3 . a + d < 2c#
2. a +  c =  6 +  c
2.1. 6 +  c <  2c
2.1.1. 2c <  a +  d#
2.1.2. a +  d =  2c
2.1.2.1. b + d ■K. b + e#
2.1.2.2. 6 +  d =  6 +  e#
2.1.3 . a +  d <  2c
2 .1.3.1. 2c <  a +  e#
2.1.3.2 . 2c =  a +  e
2.1.3.2 .1. a + e = oo#
2.1.3 .2.2 . a + e < oo#
2.2. 6 +  c =  2c
2.2.1. 2 c <  a +  d
2.2.1.1. a + d < c + d9
2.2.1.2. a + d = c + d9
p. 2 b = a + c
1. 26 <  6 +  c
1.1. 6 +  c <  2c#
1.2. 6 +  c =  2c#
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2. 2b = b + c
2.1 b + c < 2c
2.1.1. a +  rf <  c +  e»
2.1.2. a +  d =  c +  e«
2.2. b + c =  2c#
IV. Consider tomonoids of rank 2 with a <  6
A. For all z  E M \{ 0}, z  +  6 =  oo. •  •
B. For all z  e  M \{ 0}, a + b ^  oo.
1. a < 2a < d < e < b < f *
2. a < 2a < d < b < e <  f
a. 4a <  a +  6
i. a + b < 5a#
ii. a +  6 =  5a#
b. 4a =  a +  6#
3. a < 2a < b < d < e < f
a. 3a <  a 4- 6
i. a +  6 =  4a
a . 4a <  26# 
p.  4a =  26#
ii. a +  6 <  4a
Q. 4a <  2a +  6#
0 . 4a = 2a + b
1. 4a <  26#
2 . 4a =  26#
b. 3a = a + b
i. 2a +  6 <  26#
ii. 2a +  6 =  26#
4. a < b < 2a < d < e < f
a. 2a <  a +  6
i. 26 <  3a
a. a +  6 =  26
1. 3a =  2a +  6#
2 . 3a <  2a +  6
2.1. 2a +  6 <  4a#
2.2. 2a +  6 =  4a#
0.
1. 3a <  2a +  6#
2. 3a = 2a + b
2.1. 2a +  6 <  a +  26#
2.2. 2a +  6 =  a +  26
2.2.1. a +  26 <  36#
2.2.2. a +  26 =  36#
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ii. 3a <  2b
a. a + b — 3a
1. 26 <  2a +  6#
2. 26 <  2a +  6® 
p. a + b < 3a
1. 26 <  2a +  6#
2. 26 =  2a +  6
2.1. 4a <  a +  26*
2.2. a +  26 <  4a*
iii. 26 =  3a
a. 2a +  6 <  a +  26* 
p. 2 a + b — a + 26*
b. 2 a = a + b
i. a +  6 =  26*
ii. a +  6 <  26
a. a + 2b < 36* 
p.  a +  26 =  36*
4.4 Summary of the Classification and 
Conclusions
Up to isomorphism, each cyclic monoid has precisely one possible positive order. 
Also each nil monoid with n elements and rank n — 2 has precisely one positive 
order. We separate the remaining positive nil tomonoids with 6, 7, or 8 elements 
into three categories
* those with rank 2, (thus each is formally integral by Theorem 2.9)
* those with n elements that can be constructed by adjoining 7 to a formally 
integral tomonoid with (n — 1) elements which satisfies the hypotheses of 
Theorem 2 .11, (thus each is formally integral)
* those remaining, which are modeled as a quotient of a subtomonoid of N in
the Appendix 2 , (thus each is formally integral)
The following chart displays the number of positive nil tomonoids in each of these 
distinct categories.
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n r  =  1 r = n — 2 r= 2 3 <  r  <  n — 2 Other Total
6 1 1 9 6 4 21
7 1 1 18 38 36 94
8 1 1 30 192 247 471
R e m a rk  4.2. While only one nil (unordered) monoid, M* =  M  U {7 }, can be 
constructed from a given tomonoid, M, there may be several such positive nil 
tomonoids. The position of 7  in the ordered list of elements determines M*. (See 
tomonoids 4.1 and 4.2)
4.5 The Corollaries
In this section, we shall show that all positive nil tomonoids with 6 , 7, or 8 elements 
are formally integral, and that those that are Hion are also satisfy the property 
(r).
The following remark follows directly from Theorem 2.9 and Proposition 2.10.
R e m a rk  4.3. All positive tomonoids with fewer than 6 elements are formally 
integral.
This remark, the previously demonstrated results, and the classification show:
C o ro lla ry  4.4. All tomonoids with 8  or fewer elements are formally integral.
The following table illustrates the number of 6- ,  7-, and 8-elem ent, positive 





Since each of the Hion, positive nil tomonoids in the appendix is modeled as a 
convex Rees quotient of a subtomonoid of N, we can conclude.
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T h e o re m  4.5. All Hion positive, nil tomonoids with 8 or fewer elements satisfy 
property ( r ) .
4.6 Example of a Non—Formally Integral 
Tomonoid with the Fewest Possible 
Elements
We now shall show an example of a  non formally integral tomonoid on 9 elements. 
We have seen tha t every positive nil tomonoid with 8 or fewer elements is formally 
integral. Thus, this is an example of the smallest possible non formally integral 
tomonoid. Consider the tomonoid in Example 2.7.
S  =  {0,9 ,12,16,18,21,24,25,27,28, r], 30 =  oo}
Consider the congruence on 5:
E  =  {(x,x) :x e5 } U { (2 1 ,2 4 ),(2 5 ,2 7 ),(2 8 ,r /)}
The quotient tomonoid is:
M  =  S fE  {[0], [9], [12], [16], [18], [21], [25], [28], [30]}
The following relations contradict the existence of an order on f f  tha t is preserved
by a surjective tomonoid morphism PP —> M:
[25] =  3[9]<[12] +  [16] =  [28], (4.1)
[21] =  2[12]<[9] +  [16] =  [25], (4.2)
[28] =  2[16] <  2[9] +  [12] =  [30]. (4.3)
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C hapter 5 
Sum m ary
We have seen tha t every tomonoid tha t satisfies property (r) is also formally inte­
gral. The converse of this is tha t a  non formally integral tomonoid does not satisfy 
property (r).
Every positive nil tomonoid with 8 or fewer elements is formally integral, and 
those tha t satisfy the Hion condition also satisfy property (r). Finally, we saw a 
non formally integral tomonoid with 9 elements.
Tomonoids that satisfy property (r) can be used to construct formally real 
rings. Hence, we have seen some significant results pertaining to formally integral 
and property (r) that may contribute to the study of totally ordered rings with 
nilpotents.
Now, we summarize the known results which illustrate the connection between 
tomonoids and torings. (This information can be found in detail in [14].)
We now summarize the relevant parts of Hion’s work in modem as published 
in [14]. Let (.4, <) be a toring. Let denote the multiplicative tomonoid of 
elements of A  that are greater than or equal to 0. Two elements o, 6 E are 
additively archimedean equivalent if there are m ,n  E N such tha t 6 <  ma and 
a < nb; we write this a b. T hat ~  is reflexive and symmetric is cleax. To see 
tha t ~  is an equivalence relation we need to see tha t ~  is transitive.
a ~  6 3 m i, ni with a < m^b and b < n^a
6 ~  c 3 mg, ng with b < mgc and c < nob
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thus there exists
m =  m \m 2 and n =  niri2 with 
a < m\b < and
c <  U2 b <  n 2 n\a
We denote the equivalence class of a as [a]. Let 'H{A) denote the set of equiv­
alence classes. It follows directly from the transitivity of ~  tha t the class [a] is an 
interval. An argument similar to the one above verifies tha t if a ~  6 and c ~  d 
then ac ~  bd. Thus ~  is an order-congruence on A+. In TdiA) we use additive 
notation, specifically we define [a] -h [6] :=  [o6], and the opposite of the natural 
order, [a] <  [6] if and only if 6 <  a. We consider ^{{A) a tomonoid with this 
structure and call it the Hion tomonoid of A. Let h : A  Td.{A) be defined by 
h(o) :=  [| a |]. The fact tha t H  is a functor from the category of torings to the 
categroy of Hion tomonoids, follows from the isomorphism theorems for rings and 
the fact tha t the kernel of a toring morphism is convex.
The following four results summarize the proven relations between tomonoids 
and torings. The first is a result of Hion. For a proof of this see [21] (Russian) or 
for the sketch of a proof see [14]. The remaining results have been shown in [14].
T h e o re m  5.1. [14, Theorem 8 .1] I f  A  is a totally ordered ring, then 'H(A) is a 
Hion tomonoid. Moverover, for any Hion tomonoid, there is a totally ordered ring 
A  such that H.{A) is isomorphic to H .
T h e o re m  5.2. [14, Proposition 8 .4 ] I f  R  is a formally real totally ordered ring, 
then H iR ) is an r —tomonoid.
See Definition 1.37, to review the definition of a  monoid ring i2[M]. If M  has 
an absorbent element, 00 , we denote by R[M]h the quotient of R[M] obtained by 
associating X°° with zero.
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L em m a 5.3. [I4 , Lemma 8.2] I f  A  is a totally ordered ring without zero divisors 
and H  is a Hion tomonoid, then A{H] is a toring. Moreover, is a functor
from the category of Hion tomonoids to the category o f totally ordered rings.
P ro p o s itio n  5.4. [I4 , Proposition 8.5] Let A  be a totally ordered domain and H  
a Hion tomonoid. Then >![//]/, is formally real i f  and only i f  H  is an r —tomonoid.
Thus results pertaining to property (r) give significant information about the 
conditions under which we can construct: formally real tomonoid rings or non 
formally real tomonoid rings.
In [14] Problem 5 asks i f  T-L{R) is an r —tomonoid, does it follow that R  is 
formally real? In a subsequent paper, [28, Example 3.3], Madden has provided a 
negative solution to this.
Although totally ordered rings with nilpotents arise naturally, in both algebraic 
and geometric settings, little is known about them. In particular, the question of 
the formal reality of rings with nilpotents is an open question.
We have shown th a t we can use a tomonoid with property (r) to construct 
torings guaranteed to be formally real, [14, Proposition 8.5] . Using these, we hope 
to answer the question:
P ro b le m  5.5. Is every two generator toring formally real?
Madden has shown that a  twisted monoid ring (see 1.40), constructed from 
a tomonoid with property (r), is not necessarily formally real (see [28, Example 
3.3]). Thus it is natural to ask:
P ro b le m  5.6. For what T  is k[T, r]/, formally real for all r?
These are only two of the many possible questions which could be pursued from 
this point.
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Seven—Elem ent Tom onoids
0 a b o d e 0 a b o d e 0 a d b 0 e
a 6 e e e a e e e e a d e e e
b e e e e b e e e e d e
c e e e e 0 e e e e b e
d e e e d e e e e 0 e
e e e
I .B .l.b .iii.p .2.1. I.B .2.b.iii.0.2.2. I I .B . l .
0 a b d c e 0 a b d 0 e 0 a b d 0 e
a d e e e a d e e e a d d e e
b e b e e b d d e
d e d e d e e
c e 0 e 0 e
e e e
II.B .2 .a .i. II.B .2 .a .ii. II.B .2.b.
0 a b o d e 0 a b o d e 0 a b 0 d e
a d e e a d e e a d e e
b e b e e b e e e
c e 0 e 0 e e
d d d
e e e
II.B .Z .a .i.a . II .B .Z .a .i.p .l. II .B .3 .a .i.0 .2 .l
0 a b o d e 0 a b o d e 0 a b 0 d e
a d e e a d e e e a d e e e
b e e e b e b e e
c e e e 0 e 0 e
d d e d e
e e e
II.B .Z .a.i.0 .2 .2 . II.B .Z .a .ii.a . I.B .Z .a .ii.p .l.
0 a b o d e 0 a b o d e 0 a b e d e
a d e e e a d e e e a d d e
b e e e b e e e b d
c e e 0 e e e 0 e
d e d e d
e e e
11.B 2 . a.ii.0.2.1. II.B.Z.a.ii.0.2.2. II.B .Z .b .i.a .l.
64
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
Seven—Elem ent Tom onoids
0 a b e d e 0 a b e d e 0 a b e d e
a d d e a d d e a d d e
b d a b d e e b d e e
c e e e e e e e e
d d d
e e e
/ I.B.3.b.i.a.2.1 II.B.3.b.i.a.2.2.1 L ^.B.3.b.i.a.2.2.2.
0 a b e d e 0 a b e d e 0 a b e d e
a d d d a d d d a d d d
b d e b d e e b d e e
c d c d e e d e e
d d d
e e e
II.B.3.b.i.(3.1. I  r.B.3.b.i.l3.2.1. II.B.3.b.i.(3.2.2.
0 a b e d e 0 a b e d e 0 a b e d e
a d d e a d d e a d d e e
b d d b d d e b d d e e
c e e e e e e e e
d d d e e
e e e
II.B .S.b.ii.a .l. II.B.3.b.ii.a.2.1. II.B.3.b. Ü.Q.2 .2 .
0 a b e d e 0 a b e d e 0 a b e d e
a d d e a d d e e a d d d
b d d e b d d e e b d d e
c e e e e e e e d e
d d e e d
e e e
II.B.3.b.ii.a.2.3.1. II.B.3.b.ii.a.2.3.2. II.B.3.b. ii.p.1.1.
0 a b e d e 0 a b e d e 0 a b e d e
a d d d a d d d a d d d e
b d d e b d d d b d d d e
c d e e c d d e c d d d e
d d d e e e
e e e
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Eight—Elem ent Tom onoids o f Rank 5
0 a b c d e f 0 a b c d e f 0 a b c d e f
a f f f f f a f f f f f a f f f f f
b f b f f b f f f
c f c f c f f f
d f d f d f
e f e f e f
f f f
I .B .l ■ I.B .2.a. I.B .2.b.i.
0 a b c d e f 0 a b c d e f 0 a b o d e f
a f f f f f a f f f f f a f f f f f
b f f f f b f f f f f b f f f
c f f c f f c f f
d f f d f f d f
e f e f f e f
f f f
I.B .2.b.ii.p. I.B .2 .b .iii.a .
0 a b c d e f 0 a b c d e f 0 a b o d e f
a f f f f f a f f f f f a f f f f f
b f f f f f b f f f f b f f f f
c f f f 0 f f f f c f f f f
d f f d f f f d f f f f
e f f e f e f
f f f
L B .2 .b .iii.p .l. I.B .2.b iii .p.2.1. I.B .2.b.iii.p.2.2.
0 a b c d e f 0 a b c d e f 0 a b o d e f
a f f f f f a f f f f f a f f f f f
b f f f f b f f f f f b f f f  f f
c f f f c f f f f c f f f f f
d f f d f f f f d f f f
e f e f f e f f f
f f f
I.B .2.b iii.p .3.1. \B .2 .b .iii.p .3.2.1. J\B .2 .b .iii.p .3.2.2.
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0 a b e d e f 0 a b c d e f 0 a b c d e f
a f f f f f a f f f f f a f f f f f
b f f f f f b f f f f f b f f f f f
c f f f f c f f f f f c f f f f f
d f f f d f f f f d f f f f f
e f f e f f f e f f f f
f f f
I.B.2.b.iii.p.3.2.3.1. I.B .2.b.iii I.B .2.b.iii.p.3.2.3.2.2.l
0 a  b c d e f
a f f f f f
b f f f f f
c f f f f f
d f f f f f
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Eight—Elem ent Tom onoids w ith  R ank 4
0 a e b c d f 0 a b e e d f 0 a b e e d f
a e f f f f a e f f f f a e f f f f
e f b f b f f
b f e f e f
c f e f e f
d f d f d f
f f f
I I .B . l . II.B .2 .a .i. II.B .2 .a .ii.
0 a b e e d f 0 a b e e d f 0 a b e e d f
a e e f f f a e e f f f a e e f f f
b e e f b e e f f b e e f f f
e f f e f f e f f
c f e f f e f f
d f d f d f f
f f f
II.B .2 .b .i. II.B .2 .b .ii.a . II.B.2.b.ii.i3.
0 a b e e d f 0 a b e e d f 0 a b e e d f
a e f f f f a e f f f f a e f f f f
b f b f f b f f f
c f e f e f f
e f e f e f
d f d f d f
f f f
II.B .3 .a .i. I I  .B.Z.a.ii.a. II.B.3.a.ii./3.1.
0 a b e e d f 0 a b e e d f 0 a b e e d f
a e f f f f a e e f f f a e e f f f
b f f f b e e f f f b e e f f
c f f f e f f e f f f
e f e f f e f f
d f d f f d f
f f f
II.B .Z .b.i.a . II.B.3.b.i.l3.
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Eight—Elem ent Tom onoids w ith  Rank 4
0 a b c e d f 0 a b c e d f 0 a b c e d f
a e e f f f a e e f f f a e e a f f
b e e f f b e e f f f b e e e f
c f f c f f f c e e e f
e f f 6 f f e f f f
d f d f f d f
f f f
II.B .3 .b .i.'y .l. II.B.3.b.i.'Y.2. II.B .3 .b .ii.a .
0 a b c e d f 0 a b c e d f 0 a b c d e f
a e e e f f a e e e f f a e f f f f
b e e e f f b e e e f f b f
c e e e f c e e e f f c f
e f f f e f f f d f
d f f d f f f e f
f f f
II .B .3 .b .ii.p .l. II.B .3 .b .ii.p .2 . II.B .A .a .i.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a e f f f a e f f f a e f f f
b f f b f f f f b f f f
c f c f f c f f f
d f d f f d f
e e e
f f f
I I  .B.A.a.ii.a. II.B .A .a .ii.p .l. II.B .A .a . il./).:2.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a e f f f a e f f f a e f f f
b f f f b f f f f b f f f f
c f f c f f f c f f f f
d f d f f d f f f
e e e
f f f
11 .B A .a .ii.p .3.1. 11.B.A.a.ii.p.3.2.1. II.B.4:.a.ii.p.3.2.2.1.
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Eight—Elem ent Tom onoids w ith  Rank 4
0 a b c d e f 0 a b o d e f 0 a b c d e f
a e f f f a e f f f a e f f f f
b f f f f b f b f f
c f f f f c f c f
d f f f f d f d f
e e e f
f f f
h r.B.^.a.ii.p.Z.2.2.2. II.B .A .a .iii.a . II .B .A .a .iii.p .l.
0 a b c d e f 0 a b o d e f 0 a b c d e f
a e f f f f a e f f f f a e f f f f
b f f f f b f f f b f f f
c f f c f f f c f f
d f f d f d f
e f e f e f
f f f
11.B A .a .iii.p .2.1. " I  .B.A.a.iii.p.2.2. 11.B .^ .a .iii.p .2.3.1
0 a b c d 6 f 0 a b o d e f 0 a b c d e f
a e f f f f a e f f f f a e f f f f
b f f f f b f f f f b f f f f
c f f f c f f f f c f f f f
d f f d f f f d f f f f
e f e f e f
f f f
II.B .A .a. m .^.2.3.2.1. I I .B . i a.iii.p.2.Z.2.2.1. II.B.A.a.iii.p.2.3.2.2.2.
0 a b c d e f 0 a b o d e f 0 a b o d e f
a e e f f a e e f f a e e f f
b e b e f b e f f f
c f c f c f f
d f d f d f f
e e e
f f f
II .B .i.b .i.a . II.B .A .b .i.p .l. 11.B.A.b.i.p.2.1.
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E ight—Elem ent Tom onoids w ith  Rank 4
0 a b c d a f 0 a b o d e f 0 a b c d a f
a a a f f a a a f f a a a f f
b a f f b a f f b a f f f
c f f f c f f c f f f
d f d f d f f
a a a
f f f
II.BA .b .i.0 .2 .2 . II.BA.b.i.(3.2.Z.l. //.5.4.6.Î./3.2.3.2.I.
0 a  b c d a f 0 a b o d e f 0 a  b c d a f
a a a f f a a a f f a a a f f
b a f f f b e f f f b a a
c f f f f c f f f f c f
d f f f d f f f f d f
a a a
f f f
II.BA.h.i.i3.2.Z.2.2.l. II.BA.b.i.p.2.3.2.2.2. II .B .4 .b .i.y .l.l .
0 a b c d a f 0 a b c d a f 0 a b c d a f
a a a f f a e a f f a a a f f
b a a f f b a a f b a a f
c f f c f f f c f f
d f f d f d f
a a a
f f f
//.B .4.6.Z .7.I.2.I. II.B A .b .i.'r .1.2.2. II.B .4.b.i.y .l.2 .3 .1
0 a b c d a f 0 a b c d e f 0 a b c d e f
a a a f f a a a f f a a a f f
b a e f f b a a f f b a a f f
c f f f c f f f f c f f f f
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Eight—Elem ent Tom onoids w ith  Rank 4
0 a b c d a f 0 a b c d a f
a e a f f f a a a f f f
b e e f f f b a a f f f
c f f c f f f
d f f d f f
e f f a f f
f f
I I  .BA.b.i.'j.2.1. TI.B.4.b.i.j.2.2.1.
0 a b c d a f 0 a b c d a f
a 6 e f f f a a a a f
b e e f f f b a
c f f f f c a
d f f f f d f
e f f a
f f
II.BA.b.i.^.2 .2 .2 .2 . II .B .4 .b .ii.a .l.l.
0 a b c d a f 0 a b c d a f
a e e e f a a a a f
b e f f f b a f f
c e f c a f f




0 a b c d a f 0 a b c d a f
a a a a f a a a a f
b a f f f b a f f f
c a f f c a f f f
d f f d f f f
a a
f f
0 a b c d a f
a a a f f f
b a a f f f
c f f f f




0 a b c d a f






II.B .4 .b .ii.a .l.2 .1 .
0 a b c d a f
a a a a f





II.B .4 .b .ii .a .1.2 .2 .3.1.
0 a b c d a f
a a a a f
b a f f f
c a f f f
d f f f f
a
f
II.BA.b.ii.a.1.2.2.3.2.1. II.BA.b.ii.a.1.2.2.3.2.2.1. I I  .BA.b.ii.a.l.2.2.3.2.2.2.
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E igh t-E lem en t Tom onoids w ith  Rank 4
0 a b c d e f 0 a b c d e f 0 a b c d e f
a e e e f a e e e f a e e e f
b e e b e e f b e e f f
c e c e f f c e f
d f d f d f f
e e e
f f f
0 a b c d e f 0 a b c d e f
a  e e e f













II .B A .b .ii.a .2 .l.l.2 .2 .
0 a b c d e f
a e e e f
b e e f f
c e f f f
d f f f f
e
f
II .B A .b .ii.a .2 .l.\.2 .2 .2 .l. 
0 a b c d e f
11 .B A .b .ii.a .2 .l.l.2 .^ .2 .2 .l. 
0 a  b c d e f
II.BA .b .ii.a .2 .l.l.2 .Z .2 .2 .2 .
a e e e f
b e e e















II .B A .b .ii.a .2 .l.2 .l.2 .\.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a e e e f a e e e f a e e e f
b e e e f b e e e f b e e e f
c e e e c e e e f c e e e f
d f f d f f f d f f f f
e e e
f f f
I I .B f.4.6.n.a.2.1.2.1.2.2.1. II .B A .b ii.a .2 .I .2 .I .2 .2 .2 .I. II .B A .b n.Q.2.1.2.1.2.2.2.2
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IÏ.B A .b .ii.a .2 .l.2 .Z .l.
0 a b c d e f 0 a b c d e f
a e e e f a e 6 e f
b e e e f b e e e f
c e e f f c e e f f
d f f f d f f f f
e e
f f
n.B .4 .b .ii.a .2 .1 .2 .3 .2 .2 .l. l I .E t.4A«.a.2.1.2.3.2.2.2
0 a b c d e f 0 a b c d e f
a e e e f f a e e e e
b e e e f f b e f
c e e e f f c e
d f f f f d e
e f f f e
f f
I I .B A .b . i i . a . 2 . 2 .2 . I I . B A .b . i i . p . 1 . 1 .
0 a b C d e f
a e e e f
b e e e f




I I . .B.4.6.n.a.2.1.2.3.2.1.
0 a b c d e f
a e e e f f
b e e e f f
c e e e f f
d f f f
e f f f
f
II.B .4.b.ii.a.2.2.1.
0 a b c d e f
a e 6 e 6





II .BA.b. i i . f3 .L.2 .1 .
0 a b c d a f 0 a b c d a f 0 a b c d a f
a e e e e a e e a a a a a a a
b e f f b e f f b a f f f
c e f f c 6 f c a f f
d e d e d e f
e e a
f f f
I  L B  A .b.ii.p .1.2.2. II.B .A .b.ii.p .l.2.3.1. II.B.A.b.ii.p.1.2.3.2.1.
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Eight—Elem ent Tom onoids w ith  Rank 4
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0 a b c d e f 0 a b c d e f 0 a b c d a f
a e e e e a e e e e a a a a a
b e e e e b e a e f b a a a f
c e e f f c e e f c a a f f
d e e f f d e f d a f f
e e a
f f f
II.BA.b.ii.(3.2.2.l.2.2.2.2. II.B .A .b .ii.0 .2 .21 .21 . II ..B.4.6.n./3.2.2.1.3.2.1.
0 a b c d e f 0 a b c d e f 0 a b c d a f
a e e e e a e e e e a a a a a
b e e e f b e e e f b a a a f
c e e f f c e e a c a a a f
d e f f f d e f d a f f
e e a
f f f
/ / . j SA.b.ii ./Î.2.2.I.3.2.2. II.B .A .b .ii.0 .2 .2 .211 . II ..B.4.6.m ./?.2.2.2.1.2.1.
0 a b c d e f 0 a b c d a f 0 a b c d a f
a e e e e a e e a a a a a a a
b e e e f b e e a a b a a a a
c e e e f c e e a f c a a a f
d e f f f d e e f d a a f f
e e a
f f f
II .B A .b .ii ./?.2.2.2.1.2.2. I I . ,B.A.b.ii.0.2.2.2.2.11. 11.B.A.b.ii.0.2.2.2.21.2.
0 a b c d e f 0 a b c d a f
a e e e e a 6 e 6 a f
b e e e e b e e a a f
c e e e e c e e a a f
d e e e f d e e a a f
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I I .i 3A.b.ii .0.2.2.2.2.21. II .iB.4.6.n./?.2.2.2.2.2.2.
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0 a d b c e f 0 a d b c e f 0 a d b c e f
a d e f f a d e f f f a d e e f
d e d e f d e
b f b f b e
c f c f c f
e e f e
f f f
I I I .B . l .a.i. I I I .B .l .a .i i . I I I  .B .l.b .i.a .
0 a d b c e f 0 a d b c e f 0 a d b c e f
a d e e f f a d e e f f a d e e e f
d e f f d e f f d e f f f
b e f b e f f b e f
c f c f c e f
e f e f e f
f f f
I lI .B .l .b .i .p .l . III .B .l.b .i.p .2 . I I I .B .l .b . ii.a .
0 a d b c e f 0 a d b c e f 0 a d b c e f
a d e e e f a d e e e f a d e e e f
d e f f f d e f f f d e f f f
b e f f b e f f f b e f f f
c e f c e f f c e f f f
e f e f e f
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I I I .B .l .b .i i .p .l . III.B .l.b .ii.l3 .2 .l. I I I .B .l .b .i i .(3.2.2.
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III.B .2 .h .ii.
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E ight-E lem ent Tom onoids w ith  Rank 3
0 a d e b c f 0 a b d c e f 0 a b d c e f
a d e f f f a d e f f a d e f f f
d e f b e e b e e f f f
e f d f d f f
b f c f c f f
c f e e f f
f f f
I I I .B .3 III.B .A .a .i.a . III.B .A .a .i.p .
0 a b d c e f 0 a b d c e f 0 a b d c e f
a d e f f a d 6 e f a d e e f
b e b e b e f
d f d e d e
c f c f c f
e e e
f f f
111 .B.A.a.ii.a. 'II .B .4 .a .ii.p .l.l . 111.B.A.a.ii.p.1.2.1
0 a b d c e f 0 a b d c e f 0 a b d c e f
a d e e f f a d e e f f a d e e e
b e f f b e f f f b e f
d e f f d e f f d e
c f c f f c e
e f e f e
f f f
ni.B .4 .a.ü./3 .1 .2 .2 .1 . III.B .4 .a .ii.p .l.2 .2 .2 . ^11 .B.A.a.ii.p.2.1.
0 a b d c e f 0 a b d c e f 0 a b d c e f
a d e e e f a d 6 e e f a d 6 f f
b e f f f b e f f f b e f
d e f f f d e f f f d f
c e f f c e f f f c f
e f e f e
f f f
111.BA .a.ii.p .2.2.1. III.B .A .a.ii.p .2 .2 .2 . III .B .4 .a .iii .a .l.
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Eight—Elem ent Tom onoids w ith  Rank 3
0 a b d c e f 0 a b d c e f 0 a b d c e f
a d 6 f f f a d e f f f a d e e f
b e f f b e f f f b e e
d f f d f f d e
c f c f f c f
e f e f e
f f f
I I I .B A a.iii .a .2.1 I I I .B A a.iii .a .2.2. III.B .A .a . Hi■p.
0 a b d c e f 0 a b d c e f 0 a b d c e f
a d d f f f a d d f f f a d d f f f
b d e f b d e f f b d e f f f
d f f d f f d f f
c f c f f c f f
6 f e f e f f
f f f
I I I .B A .b i.a. III.B .A .b.i III.B .A .b . i.p .l.
0 a b d c e f 0 a b d c e f 0 a b d c e f
a d d e f a d d e f a d d e f f
b d d e f b d d e b d d e f f
d e e d e e d e e f
c f f c f c f f
e e e f f
f f f
I I I .B A .b .ii .a .l . UI.B.A.b.ii Q . 2.1. Jn i.B .A .b .ii .a. 2.2.
0 a b d c e f 0 a b d C e f 0 a b d c e f
a d d e e a d d e e f a d d 6 e f
b d d e f b d d e e f b d d e e f
d e e d e e f f d e e f f
c e f c e e f c e e f f
e e f f e f f
f f f
III.B A .b .ii.(3 .l. ÏII.B .A .b.ii /Î.2.I. JII.B.A.b.ii .13.2.2.
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0 a b d e c f 0 a b d e c f 0 a b d e c f
a d e f f f a d e f f f a d e e f f
b e e f f b e e f f f b e f f
d f f d f f d a f f
c f f c f f e f
e f e f f c f
f f f
I I I  .B.b.a.i.a. III.B .b .a .i.p . I II .B .b .a .ii.
0 a b d e c f 0 a b d e c f 0 a b d e c f
a d e f f f a d d f f f a d d f f f
b e f f b d e f b d e f f
d f f d f f d f f
e f e f e f f
c f c f c f
f f f
III .B .b .a .iii . I I I  .B.b.b.i.a. II I .B .b .b .i .^ .l .
0 a b d e c f 0 a b d e c f 0 a b d e c f
a d d f f f a d d e f f a d d e f f
b d e f f f b d d e f b d d e f f
d f f d e e f d e e f
e f f e f f e f f
c f f c f c f f
f f f
III.B .5 .b .i.p .2 . III.B .b .b .ii.a . III .B .b .b .ii.p .
0 a b o d e f 0 a b c d e f 0 a b c d e f
a d e f a d e f a d e f
b e b e f b e f f




III .B .Q .a .i.a .l.l. III.B .Q .a.i.a.1.2.1. I  i  I  .B  .Q .a.i.a.l.2.2.\.
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Eight—Elem ent Tom onoids w ith  Rank 3
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e f a d e f f a d e f f
b e f f b e b e f
c f f f c f c f
d d f d f
e e e
f f f
III.B .6 .a .i.a .l.2 .2 .2 . III.B .6 .a .i.a .2 .1 . III.B .6 .a .i.a .2 .2 .1 .
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e f f a d e f f a d e f f f
b e f f b e f f b 6 f f f
c f f c f f f c f f
d f d f d f f
e e e f
f f f
I L ' .B.6.a.i.a.2.2.2.1.1. III.B .6.a.i.a .2.2.2.1.2. IILB.6.a.i.a.2.2.2.2.1.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e f f f a d e e a d e e
b e f f f b e f b e f f
c f f f c e c e f
d f f d d
e f e e
f f f
I L LB.6.a.i.a.2.2.2.2.2. I I I .B .6 .a .i .0 .l . l . l . IILB .6 .a .i.0 .1 .1 .2 .1 .
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e e a d e e f a d e e f
b e f f b e b e f
0 e f f c e c e
d d f d f
e e e
f f f
I I  L B .6.a.i.0 .1 .1.2.2. III.B .6 .a .i.0 .1 .2 . III.B .6 .a .i.0 .1 .3 .1 .
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Eight—Elem ent Tom onoids w ith  R ank 3
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e e f a d e e f a d e e f f
b e f f b e f f b e f f f
c e f f c e f c e f f f
d f d f d f f f
e 8 e f
f f f
Ili.B .6 .a .i ./3.I.3.2.2.I. III.B.6.a.i./3.1.3.2.2.2.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e e 6 a d e e e a d e e e
b e f b e f f b e f f
c e c e f c e f f
d e d e d e
e 6 e
f f f
























0 a b o d e f 0 a b 0 d 8 f
a d 6 f a d 8 f
b 8 e f b 8 8 f




II I .B .S .a .ii .a .l .l . ’II .B .6 .a .ii.a .l.2 .
0 a b o d e f 0 a b 0 d 8 f
a d e f f a d 8 f f
b 8 8 b 8 e f
c f 0 f f
d f d f
e 8
f f
III.B .6 .a .ii.a .2 . III .B .6 .a .ii.a .3 .2 .l.l.
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Eight—Elem ent Tom onoids w ith  Rank 3
0 a b c d e f
a d e f f
b 6 e f




III.B .6 .a .ii.a .3 .2 .1 .2 .
0 a b c d e f






///.B .6.Û .Ü ./3.1.1.1.
0 a b c d e f
a d e e f





III .B .G .a .ii.p .l.l .Z .l.
0 a b c d e f
a d e e f





0 a b c d e f 0 a b c d e f
a d e f f f a d e f f f
b e e f f f b e e f f f
c f f c f f f
d f f d f f
e f f e f f
f f
///.B .6 .a .ü .a .3 .2 .2 .1 . III.B.Q .a.ii.a.Z.2.2.2.
0 a b c d e f 0 a b c d e f
a d e e a d e e
b e 6 f b e e f




0 a b c d e f 0 a  b c d e f
a d e e f a d e e
b e e f b e e e




II I .B .d .a .ii /3.1.1.3.2. 7//.B .6.a.n./?.1.2.1.1.
0 a b c d e f 0 a b c d e f
a d e e f a d e e f
b e e e b e e 6
c e e f c e e e
d f d f
e e
f f
III.B .6 .a .ii.pA .2 .1 .2 . ///.B .6.a.n ./?.1 .2 .1 .3 . I I I .B S .a .i i .  (3.1.2.2.I.
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0 a b c d e f 0 a b c d e f 0 a b c d e f
a d 6 e f f a d e e e a d e e e
b e e e f f b e e f b e e f
c e e e f f c e f c e f f
d f f f d e d e
e f f f e e
f f f
IIl.B.6.a.ii./3.1.2.2.2. 111.B.^.a.ii.l3.2.1.1 III .B .e .a ,.ii ./Î.2.I.2.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d e e e a d d e a d d e
b e e 6 b d f b d f f
c e e f c e c e f
d e d d
e e e
f f f
III.B .Q .a.ii.p .2.2. I I I  .B .Q .b .i.a .l.l.l. III .B .6 .b .i.a .l.l .2 .1 .
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d d e a d d f a d d f
b d f f b d e b d e f




III.B .Q .b .i.a .\.l.2 .2 . III.B .G .b.i. a . i .2.1. III.B .6 .b .i.a .l.2 .2 .1 .1 .
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d d f f f a d d f f f a d d f
b d e f  f b d e f f f b d e f
c f f c f f 0 f f
d f f d f f d
e f e f f e
f f f
III.B .Q .b .i.a .l.2 .2 .2 .l. ///.B .6 .6 .i.a .l.2 .2 .2 .2 . ///.5 .6 .6 .î.a .l.2 .2 .3 .1 .
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E ight—Elem ent Tom onoids w ith  Rank 3
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d d f f f a d d f f f a d d e
b d e f f b d 6 f f f b d e f
c f f f c f f f c e f
d f f d f f d
e f e f f e
f f f
UI.B.&.b.i. a. I.2.2.3.2.I. III.B .G .b.i. a. I.2.2.3.2.2. / . ^I.B.e.b i.a .1.3.1.1.
0 a b c d e f 0 a b c d e f 0 a b c d e f
a d d e a d d e a d d e f f
b d e f b d e e b d e e f f
c e f f c e e f c e e e f f
d d d f f f
e e e f f f
f f f
III.B .6 .b .1 . a.1.3.1.2. L7.B .6.6 i. a . i .3.2.1. n^I.B.G.b i.a .I.3.2.2.
0 a b c d a f 0 a b c d e f 0 a b c d e f
a d d d a d d d a d d d
b d e f b d e f b d e e




III.B .Q .b .i.p .l.l. 111 .B .6 .b .i .l3 .1.2. 111.B.Q.b.i.0.2.1.
0 a b c d a f 0 a b c d a f 0 a b c d a f
a d d d f f a d d d f f a d d a
b d e a f b d a a f f b d d f
c d e a f c d a a f f c a f f
d f f f d f f f d
e f a f f f a
f f f
III .B .e .b .i /3.2.2.I. III.B .6 .b .i .13.2.2.2.  ̂11 .B  .^ .b .ii.a .l.l.
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Eight—Elem ent Tom onoids w ith  Rank 3
0 a b c d e ff
















ilI .B .6 .b .ii.a .l.3 .









































































a d d e f
b d d e f
c e e











a b c d e f
d d e e f
d d e e f
e e f f
e e f f
f f
.B.6.b.ii.a.2.1.3.2.2.


























III.B .6.b.ii.a.2.2.1.1. III.B.Q .b.ii.a.2.2.1.2. III.B.6.b.i i.p. l. l .
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E ight—Elem ent Tom onoids w ith  Rank 3
0 a b c d e f 0 a b C d e f 0 a b c d e
a d d d f f a d d d f f a d d d e f
b d d d f f b d d d f f b d d d e f
c d d e f c d d e f f c d d d e f
d f f f d f f f d e e e f
e f f e f f f e f f f
f f f
111.B.Q.b.ii.p.2.1.2. III.B.6.b.ii.(3.2.2
0 a b c d e f
a d d d f f
b d d e f f
c d 6 e f f
d f f f




R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
A p p en d ix  2
TABLl3 5.1. S IX -E L E M E N T  T O M O N O ID
Outline Label (Subtomonoid of N) /  Congruence
I.B .l (5,7,8)/{[10,12,13],[14 =  oo]}
I.B.2.a (7,9,10)/{[14,16,17,18],[19 =  oo]}
I.B.2.b.i. (7 ,9.10)/{[14,16,17,18,19], [20 =  oo]}
I.B.2.b.i. (7 ,9 ,10)/{[14,16,17,18,19,20], [21 =  oo]}
Outline Label (Subtomonoid of N) /  Congruence
I.B .l. (11 ,15 ,17 ,18)/{[22,26,28,29], [30 =  oo}
LB.2.a. (11 ,15 ,17 ,18)/{[22,26,28,29,30], [33 =  oo}
I.B.2.b.i. (15 ,16 ,22 ,23)/{[30,31,32,37,38,39], [44 =  oo}
I.B.2.b.ii. (15 ,16 ,19 ,23)/{[30,31,32,34,35,38], [39 =  oo]}
I.B.2.b.iii.a. (11 ,15 ,17 ,18)/{[22,26,28,29,30,32], [33 =  oo]}
I.B.2.b.iii./?. 1. (15 ,17 ,18 ,22)/{[30,32,33,34,35,36,37,39], [40 =  oo]}
I.B.2.b.iii./?. 2.1. (30,40 ,42 ,44/{[60,70, 72,74,80,82,84,86], [88 =  oo]}
I.B.2.b.iii./?. 2.2. (30,40 ,42 ,44)/{[60,70,72, 74,80,82,84,86,88], [90 =  oo]}
II.B .l. (3, 7 ,8 = } /{ [6 ],[9 ,1 0 ,ll] ,[1 2  =  oo]}
II.B.2.a.i. (4 ,7 ,9 )/{[8],[ll,12 ,13],[14  =  cx)]}
II.B.2.a.ii. (4 ,7 ,9 ) /{ [8 ],[ ll,1 2 ,1 3 ,14],[15 =  œ]}
II.B.2.b. (5 ,6 ,13)/{[10,11,12], [15,16,18], [19 =  oo]}
II.B.3.a.i.Q. (10 ,14 ,15>/{[20], [24,25], [28 =  oo]}
II.B.3.a.i./3.1. (10 ,14 ,15)/{[20], [24,25,28], [29 =  oo]}
II.B.3.a.i./3.2.1. (12 ,15 ,18>/{[24], [27,30,33], [36 =  oo]}
II.B.3.a.i./?.2.2. (15,17,20)/{[30], [32,34,35,37,40], [45 =  oo]}
II.B.3.a.ii.Q. (6 ,10 ,ll)/{ [12 ,[16 ,17 ,18],[20  =  oo]}
II.B .3.a.ii.^.l. (15 ,20 ,28>/{[l2], [16,17,18,20], [21 =  oo]}
II.B.3.a.ii./?.2.1. (6 ,1 0 ,11)/{[12], [16,17,18,20,21], [22 =  oo]}
II.B.3.a.ii./?.2.2. (10 ,12 ,13)/{[20], [22,23,24,25,26,30], [32 =  oo]}
II.B .3.b.i.a.i. (5,7,8)/{[10,12],[13],[14 =  oo}
II.B.3.b.i.a.2.1. (5 ,7 ,8 )/{ [1 0 ,12], [13,14],[15 =  œ]}
II.B.3.b.i.a.2.2.1. (7 ,8 ,10)/{[14,15], [16,17,18], [20 =  oo]}
II.B.3.b.i.a.2.2.2. (7 ,8 ,9)/{ [14 ,15], [16,17,18], [21 =  oo]}
II.B.3.b.i./?.l. (5, 7 ,8 )/{ [10 ,12,13], [14], [15 =  œ]}
II.B.3.b.i./3.2.1. (7 ,9 ,10)/{[14,16,17], [18,19], [20 =  oo]}
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T A B L E  5 .3 .  S E V E N - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid o fN )/ Congruence
II.B.S.b.i./). 2.2. (7 ,9 ,10)/{[14,16,17], [18,19,20], [21 =  oo]}
II.B.S.b.ii.a. 1. (5 ,6 ,8> /{[10,ll,12],[lS ],[14 =  oo]}
II.B.3.b.ii.a. 2.1. (7 ,8 ,10)/{[14,15,16], [17,18,20], [21 =  oo]}
II.B.S.b.ii.a. 2.2. (10 ,12 ,19)/{[20,22,24], [29, SO, SI, S2], [S8 =  oo]}
II.B.S.b.ii.a. 2.S.I. (7 ,8 ,9>/{[14,15,16], [16,17], [18 =  oo]}
II.B.S.b.ii.a. 2.S.2. (10 ,12 ,19)/{[20,22,24], [29, SO, SI, S2, S8], [S9 =  oo]}
II.B.S.b.ii.^. 1.1. (6, 7 ,9)/{[12, IS, 14,15], [16], [18 =  oo]}
II.B.S.b.ii./3. 1.2. (7 ,8 ,9 )/{ [14 ,15,16], [17,18], [21 =  oo]}
II.B.S.b.ii./?. 2.1. <7,8,9>/{[14,15,16,17], [18], [21 =  oo]}
II.B.S.b.ii./3. 2.2. (10,11, IS ) /{[20,21,22,2S,24,26], [SO,SI, SS], [40 =  oo]}
Outline Label (Subtomonoid of N) /  Congruence
I.B .l. (10,16 ,17 ,18 ,19)/ 
{[20,26,27,28,29], [S2 =  oo]}
I.B.2.a. (11,15,17,18,19)/ 
{[22,26,28,29,S0],[S2 =  oo]}
I.B.2.b.i. (15,17,18,22,23)/
{[SO, 32, S3,34,35,36,37,38], [39 =  oo]}
I.B.2.b.ii.a. (15,16,22,23,24)/ 
{[30,31,32,37,38,39], [40 =  oo]}
I.B.2.b.ii./J. (15,16,22,23,24)/
{[30,31,32,37,38,39,40], [44 =  oo]}
I.B.2.b.iii.a. (11,15 ,17 ,18 ,19)/
{[22,26,28,29,30,32], [33 =  oo]}
I.B.2.b.iii./?. 1. (15,17,19,22,23)/
{[30,32,34,36,37,38,39,40], [41 =  oo]}
I.B.2.b.iii./?. 2.1. (30,40,42,44,48)/
{[60,70,72,74,78,80,82,84,86], [88 =  oo]}
I.B.2.b.iii./?. 2.2. (30,35,36,37,40)/
{[60,75,76,77,70,71,72,73,74], [75 =  oo]}
I.B.2.b.iii.;d. S.l. (15,17,18,22,23)/
{[30,32,33,34,35,36,37,38,39], [40 =  oo]}
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T A B L E  5 .5 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
I.B.2.b.iii./?. 3.2.1. (30,35,36,37,40)/
{[60,75, 76,77,70, 71,72, 73, 74, 75], [76 =  oo]}
I.B.2.b.iii./?. 3.2.2. (30,40,42,45,47)/
{[60,70,72,75,77,80,82,84,85,87,89], [90 =  oo]}
I.B.2.b.iii./?. 3.2.3.I. (30,40,42,45,47)/
{[60,70,72,75,77,80,82,84,85,87,89], [89 =  oo]}
I.B.2.b.iii./î. 3.2.3.2.I. (30,35,36,37,40)/
{[60,75,76,77,70,71, 72, 73, 74, 75, 76], [77 =  oo]}
I.B.2.b.iii./3. 3.2.3.2.2.I. (30,35,36,37,40)/
{[60,75,76,77,70,71,72,73,74,75,76,77], [80 =  oo]}
I.B.2.b.iii./?. 3.2.3.2 2.2. (30,35,36,37,40)/
{[60, 75,76,77,70, 71, 72, 73,74, 75, 76, 77,80], [90 =  oo]}
II.B .l. (4,9,10, l l ) /{ [ 8 ,12,13,14,15], [16 =  oo]}
II.B.2.a.i. (5 ,9 ,1 1 ,12)/{[10,14,15,16,17], [18 =  oo }
II.B.2.a.ii. (5 ,9 ,1 1 ,12)/{[[10,14,15,16,17,18], [19 =  oo]}
II.B.2.b.i. (8 ,10 ,21 ,22)/{[16,18,20], [24,26,29,30], [31 =  oo]}
II.B.2.b.ii.Q. (8 ,10 ,21 ,22)/
{[16,18,20], [24,26,29,30,31][32 =  oo]}
II.B.2.b.ii./?. (10,11,25,26)/
{[20,21,22], [30,31,35,36,37], [40 =  oo]}
II.B.3.a.i. (8 ,13 ,15 ,17)/
{[16], [21,23,24,25], [26 =  00]}
II.B.3.a.ii.a. (8 ,11 ,15 ,17)/
{[16], [19,22,23,24,25], [26 =  00]}
II.B.3.a.ii.^. 1. (8 ,10 ,13 ,17)/
{[16], [18,20,21,23,24,25], [26 =  oo]}
II.B.3.a.ii.^. 2. (8 ,11 ,13 ,17)/
{[16], [18,20,21,23,24,25,26], [27 =  oo]}
II.B.3.b.i.Q. (10,11,18,23)/
{[20,21,22], [28,29,30,31,33,34], [36 =  oo]}
II.B.3.b.i.^. (8 ,10 ,15 ,21)/
{[16,18,20], [23,24,25,26,29,30], [31 =  oo]}
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T A B L E  5 .6 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
II.B.3.b.i.7. .1. (10,11,18,23)/
{[20,21,22], [28,29,30,31,33], [34 =  oo]}
II.B.3.b.i.7. .2. (10,11,18,23)/
{[20,21,22], [28,29,30,31,33,34,36], [38 =  oo]}
II.B.3.b.ii.a. (20,22,24,52)/
{[40,42,44,46,48], [60,62,64, 72], [74 =  oo]}
II.B.3.b.ii./3. 1. (20,22,24,52)/
{[40,42,44,46,48], [60,62,64,72, 74], [76 =  oo]}
II.B.3.b.ii./î. 2. (20,22,24,52)/
{[40,42,44,46,48], [60,62,64, 72, 74, 76], [80 =  oo]}
II.B.4.a.i. (10,16,17,19)/
{[20], [26,27,29,30], [32 =  oo]}
II.B.4.a.ii.a. (15,17,20,21)/
{[30], [32,34,35,36], [37 =oo]}
II.B.4.a.ii./3. 1. (20,25,29,30)/
{[40], [45,49,50,50,54,55], [58 =  oo]}
II.B.4.a.ii./?. 2. (20,25,27,30)/
{[40], [45,47,50,52,54], [55 =  00]}
II.B.4.a.ii./?. 3.1. (15,17,20,21)/
{[30], [32,34,35,36,37], [38 =  oo]}
II.B.4.a.ii./?. 3.2.1. (20,25,27,30)/
{[40], [45,47,50,52,54,55], [57 =  oo]}
II.B.4.a.ii./?. 3.2.2.I. (20,25,27,30)/
{[40], [45,47,50,52,54,55,57], [60 =  oo]}
II.B.4.a.ii./?. 3.2.2.2. (20,25,27,29)/
{[40], [45,47,49,50,52,54,56,58], [60 =  oo]}
II.B.4.a.iii.Q. (10,15,17,19)/
{[20], [25,27,29], [30 =  oo]}
II.B.4.a.iii./î. 1. (10,15,17,19)/
{[20], [25,27,29,30], [32 =  00]}
II.B.4.a.iii./?. 2.1. (10,15,17,18)/
{[20], [25,27,28,30,32,33], [34 =  oo]}
II.B.4.a.iii./?. 2.2. (10,15,16,19)/
{[10], [25,26,29,30,31,32], [34 =  oo]}
II.B.4.a.iii./?. 2.3.1. (10,15,17,19)/
{[[20], [25,27,29,30,32], [34 =  00]}
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T A B L E  5 .7 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
II.B.4.a.iii./î. 2.3.2.I. (10,15,17,18)/
{[20], [25,27,28,30,32,33,34], [35 =  oo]}
II.B.4.a.iii./î. 2.3.2 2.1. (10,16,17,18)/
{[20], [26,27,28,30,32,33,34,35], [36 =  oo]}
II.B.4.a.iii.;g. 2.3.2 2.2. (11,16,17,18)/
{[22], [27,28,29,32,33,34,35,36], [38 =  oo]}
II.B.4.b.i.a. (15,19,20,21)/
{[30,34], [35,44], [38 =  00]}
II.B.4.b.i./?. 1. (15,17,20,21)/
{[30,32], [34,35,36], [37 =  oo]}
II.B.4.b.i./?. 2.1. (15,17,20,21)/
{[30,32], [34,35,36,37,38], [40 =  oo]}
II.B.4.b.i./5. 2.2. (15,17,19,22)/
{[30,32], [34,36,37,38], [39 =  oo]}
II.B.4.b.i./?. 2.3.1. (15,17,20,21)/
{[30,32], [34,35,36,37], [38 =  oo]}
II.B.4.b.i./î. 2.3.2.I. (15,17,20,21)/
{[30,32], [34,35,36,37,38,40], [41 =  oo]}
II.B.4.b.i./?. 2.3.2.2.I. (15,17,20,21)/
{[30,32], [34,35,36,37,38,40,41], [42 =  oo]}
II.B.4.b.i.^. 2.3 2.2.2. (15,17,20,21)/
{[30,32], [34,35,36,37,38,40,41,42], [45 =  oo]}
II.B.4.b.i.7. 1.1. (15,18,22,23)/
{[30,33,36], [37,38], [40 =  oo]}
II.B.4.b.i.7. 1.2.1. (15,18,22,23)/
{[30,33,36], [37,38,40,41], [44] =  oo]}
II.B.4.b.i.7. 1.2.2. (17,18,20,23)/
{[34,35,36], [37,38,40], [41 =  oo]}
II.B.4.b.i.7. 1.2.3.1 (15,18,22,23)/
{[30,33,36], [37,38,40], [41] =  oo]}
II.B.4.b.i.7. I.2.3.2.I. (17,18,20,23)/
{[34,35,36], [37,38,40,41], [43 =  oo]}
II.B.4.b.i.7. I.2.3.2.2.I. (17,18,20,23)/
{[34,35,36], [37,38,40,41,43], [46 =  oo]}
II.B.4.b.i.7. I.2.3.2.2.2. (17,18,20,23)/
{[34,35,36], [37,38,40,41,43,46], [51 =  oo]}
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T A B L E  5 .8 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
lI.B.4.b.i.7. 2.1. (18,20,31,33)/
{[36,38,40], [39,51,52,53,56], [62 =  oo]}
lI.B.4.b.i.7. 2.2.1. (18,20,31,33)/
{[36,38,40], [39,51,52,53,56,62], [64 =  oo]}
lI.B.4.b.i.7. 2.2.2.I. (18,20,31,33)/
{[36,38,40], [39,51,52,53,56,62,64], [66 =  oo]}
lI.B.4.b.i.7. 2.2.2.2. (18,20,31,33)/
{[36,38,40], [39,51,52,53,56,62,64,66], [67 =  oo]}
11.B.4.b.ii.a. 1.1. (15,19,20,22)/
{[30,34,35], [37], [38 =  00]}
II.B.4.b.ii.a. 1.2.1. (15,19,20,22)/
{[30,34,35], [37,38], [39 =oo]}
II.B.4.b.ii.Q. I.2.2.I. (15,18,20,21)/
{[30,33,35], [36,38,39], [40 =  oo]}
II.B.4.b.ii.Q. 1.2.2.2. (15,19,20,22)/
{[30,34,35], [37,38,39,40], [41 =  oo]}
II.B.4.b.ii.a. I.2.2.3.I. (15,19,20,22)/
{[30,34,35], [37,38,39], [40 =  oo]}
II.B.4.b.ii.a. I.2.2.3.2.I. (15,18,20,21)/
{[30,33,35], [36,38,39,40], [41 =  oo]}
II.B.4.b.ii.a. I.2.2.3.2.2.I. (15,18,20,21)/
{[30,33,35], [36,38,39,40,41], [42 =  oo]}
II.B.4.b.ii.Q. I.2.2.3.2.2.2. (15,18,20,21)/
{[30,33,35], [36,38,3940,41,42], [45 =  oo]}
II.B.4.b.ii.a. 2.1.1.1. (15,17,22,23)/
{[30,32,34,37], [38], [39 =oo]}
II.B.4.b.ii.a. 2.1.1.2.1. (15,17,20,25)/{[30,32,34,35], [37,40], [42 =  oo }
II.B.4.b.ii.a. 2.1.1.2.2. (15,17 ,22 ,23)/{[30,32,34,37], [38,39,40], [44 =  oo]}
II.B.4.b.ii.a. 2.1.1.2.3.L (15,17,22,23)/{[30,32,34,37], [38,39], [40 =  oo]}
II.B.4.b.ii.a. 2 .I.I.2.3.2.I. (15,17,20,25)/{[30,32,34,35], [37,40,42], [45 =  oo]}
II.B.4.b.ii.a. 2.1.1.2.3.2.2.L (15,17,20,22)/
{[30,32,34,35], [37,39,40,42], [44 =  oo]}
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T A B L E  5 .9 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
II.B.4.b.ii.a. 2.I.I.2.3.2.2.2. (15,17,20,22)/
{[30,32,34,35], [37,39,40,42,44], [45 =  oo] =  oo]}
II.B.4.b.ii.a. 2.1.2.L1. (15,17,19,23)/([30 ,32,34,36], [38], [40}
II.B.4.b.ii.a. 2.L2.1.2.1. (7 ,8 ,9 ,1 3 )/
{[14,15,16,17,18], [20], [21 =  00]}
II.B.4.b.ii.Q. 2.I.2.I.2.2.I. (7 ,8 ,9 ,1 2 )/
{[14,15,16,17,18], [19,20], [21 =  oo]}
lI.B.4.b.ii.Q. 2.1.2.12.2.2.1. (11,12,13,16)/
{[22,23,24,25,26], [27,28,29], [32 =  oo]}
II.B.4.b.ii.Q. 2.I.2.I.2.2.2.2. (11,12,13,16)/
{[22,23,24,25,26], [27,28,29,32], [33 =  oo]}
II.B.4.b.ii.a. 2.I.2.2. (16,17,21,23)/
{[32,33,34,37], [39,40], [42 =  00]}
II.B.4.b.ii.a. 2.1.2.3.1. (15,17,20,23)/
{[30,32,34,35,37], [38], [40 =  oo]}
lI.B.4.b.ii.Q. 2.I.2.3.2.I. (15,17,19,23)/
{[30,32,34,36], [38,40], [42 =  oo]}
ll.B.4.b.ii.Q. 2.I.2.3.2.2.I. (15,17,19,23)/
{[30,32,34,36], [38,40,42], [45 =  oo]}
II.B.4.b.ii.a. 2.I.2.3.2.2.2. (15,17,19,22)/
{[30,32,34,36], [37,38,39,41,44], [45 =  oo]}
II.B.4.b.ii.Q. 2.2.1. (11,12,13,20)/
{[22,23,24,25,26], [31,32,33,34,35], [40 =  oo]}
II.B.4.b.ii.a. 2.2.2. (11,12,13,16)/
{[22,23,24,25,26], [27,28,29,32,33,34,35], [38 =  oo]}
U.BA.h.ii.p. 1.1. (15,19,20,21)/
{[30,34,35,36], [38], [39 =  oo]}
II.B.4.b.ii./J. 1.2.1. (15,19,21,22)/
{[30,34,36,37], [38,40,41], [42 =  oo]}
II.B.4.b.ii./3. 1.2.2. (15,19,20,22)/
{[30,34,35,37], [38,39,40], [41 =  oo]}
II.B.4.b.ii./?. I.2.3.I. (15,19,20,21)/
{[30,34,35,36], [38,39], [40 =  oo]}
II.B.4.b.ii./î. L2.3.2.1. (15,19,20,22)/
{[30,34,35,37], [38,39,40,41], [42 =  oo]}
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T A B L E  5 .1 0 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
II.B.4.b.ii.;g. I.2.3.2.2.I. (15,19,20,22)/
{[30,34,35,37], [38,39,40,41,42], [44 =  oo]}
II.B.4.b.ii./?. 1.2.32.2.2. (15,19,20,22)/
{[30,34,35,37], [38,39,40,41,42,44], [45 =  oo]}
II.B.4.b.ii./?. 2.1.1. (15,19,21,22)/
{[30,34,36,37,38], [40,41], [42 =  oo]}
II.B.4.b.ii.;g. 2.1.2. (15,19 ,20 ,22)/
{[30,34,35,37,38], [39,40], [41 =  oo]}
II.B.4.b.ii./). 2.I.3.I. (15,19,20,21)/
{[30,34,35,36,38], [39], [40 =  oo]}
II.B.4.b.ii./?. 2.I.3.2.I. (15,19,20,22)/
{[30,34,35,37,38], [39,40,41], [42 =  oo]}
II.B.4.b.ii./?. 2.I.3.2.2.I. (15,19,20,22)/
{[30,34,35,37,38], [39,40,41,42], [44 =  oo]}
II.B.4.b.ii.^. 2.13.2.2.2. (15,19,20,22)/
{[30,34,35,37,38], [39,40,41,42,44], [45 =  oo]}
II.B.4.b.ii./?. 2.2.1.1. (15,17 ,20 ,24)/
{[30,32,34,35,37,39], [40], [41 =  oo]}
II.B.4.b.ii./?. 2.2.1.2.1 (15,17,21,24)/
{[30,32,34,36,38,39], [41], [42 =  oo]}
II.B.4.b.ii./?. 2.2.I.2.2.I. (15,17,19,20)/
{[30,32,34,35,36,37], [38], [39 =  oo]}
II.B.4.b.ii./?. 2.2.I.2.2.2.I. (15,17 ,19 ,20)/
{[30,32,34,35,36,37], [38,39], [40 =  oo]}
II.B.4.b.ii./î. 2.2.I.2.2.2.2. (15,17,19,20)/
{[30,32,34,35,36,37], [38,39,40], [45 =  oo]}
II.B.4.b.ii./?. 2.2.I.3.I. (15,17,20,24)/
{[30,32,34,35,37,39], [40,41], [44 =  oo]}
II.B.4.b.ii.^. 2.2.I.3.2.I. (15,17 ,20 ,24)/
{[30,32,34,35,37,39], [40,41,44], [45 =  oo]}
II.B.4.b.ii./?. 2.2.I.3.2.2. (15,17 ,20 ,21)/
{[30,32,34,35,36,37], [38,40,41,42], [45 =  oo]}
II.B.4.b.ii./?. 2.2.2.I.I. (15,17,19,22)/
{[30,32,34,36,37,38], [39], [41] =  oo]}
II.B.4.b.ii./?. 2.2.2.I.2.I. (15,17,19,22)/
{[30,32,34,36,37,38], [39,41], [44 =  oo]}
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T A B L E  5 .1 1 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
II.B.4.b.ii.^. 2.2.2.I.2.2. (15,17,19,22)/
{[30,32,34,36,37,38], [39,41,44], [45 =  oo]}
II.B.4.b.ii./î. 2.2.2 2.1.1. (15,17,19,20)/
{[30,32,34,35,36,37,38], [39], [40 =  oo]}
II.B.4.b.ii./?. 2.2.2.2.I.2. (15,17,19,20)/
{[30,32,34,35,36,37,38], [39,40], [45 =  oo]}
II.B.4.b.ii./?. 2 2.2.2.2.1. (15,17,19,20)/
{[30,32,34,35,36,37,38,39], [40], [45 =  oo]}
II.B.4.b.ii./?. 2.2.2.2 2.2. (15,17,19,20)/
{[30,32,34,35,36,37,38,39,40], [45,47,49,50], [60 =  oo]}
III.B .l.a.i. (5 ,ll,12 )/[20 ]
III.B .l.a.ii. (5,11,12)/[21]
III.B.l.b.i.Q. (5 ,ll,12 )/[20 ]
III.B.l.b.i./?. 1. (5 ,ll,12 )/[22 ]
III.B.l.b.i./?. 2. (5 ,ll,13 )/[23 ]
III.B.l.b.ii.Q. (6 ,1 4 ,15)/[28]
III.B.l.b.ii./?. 1. (6,13,15)/[28]
III.B.l.b.ii./?. 2.1. (6 ,1 3 ,15)/[30]
III.B .l.b .ii.^ . 2.2. (7,15,17)/[35]
III.B.2.a. (3,8,10)/[14]
III.B.2.b.i. (5,12,18)/[24]







III.B.4.a.ii./?. I.2.2.I. (6 ,ll,16 )/[27 ]
III.B.4.a.ii./5. 1.2.2.2. (6 ,ll,16 )/[28 ]
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T A B L E  5 .1 2 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
III.B.4.a.ii./î. 2.1. (5,9,11)/[19]
III.B.4.a.ii./î. 2.2.1. (5 ,9 ,ll) /[2 2 ]
III.B.4.a.ii./3. 2.2.2. (5 ,9 ,ll) /[2 3 ]
III.B.4.a.iii.Q. 1. (4,7,9)/[15]
III.B.4.a.iii.a. 2.1. (4,7,9)/[16]





III.B.4.b.ii.a. 1. (6 ,7 ,16)/[24

















III.B .6.a.i.a. 1.2.2.2. (6,7,8)/[18]
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T A B L E  5 .1 3 .  E I G H T - E L E M E N T  T O M O N O I D S ,  C O N T I N U E D
Outline Label (Subtomonoid of N) /  Congruence
III.B.6.a.i.a. 2.1. (5 ,8 ,9 ) /[ ie ]
III.B.ô.a.i.a. 2.2.1. (5,8,9>/[17]
III.B.6.a.i.a. 2.2.2.I.I. (5 ,8,9)/[18]
III.B.e.a.i.a. 2.2.2.I.2. (e ,7 ,8 )/[19
III.B.e.a.i.a. 2.2.2 2.1. (e,7 ,10)/[20]
III.B.e.a.i.a. 2.2.2.2 2. (5 ,8,9)/[19]
III.B.6.a.i.;9. 1.1.1. (5,7,8)/[15]
III.B.6.a.i./5. 1.1.2.1. (e,8 ,9)/[18]
III.B.6.a.i.^. 1.1.2.2. (7,9,10)/[21]











III.B.e.a.ii.Q. a .i. (5 ,e ,9)/[15]
III.B.e.a.ii.Q. 2. (7 ,9 ,ia )/[22 ]
III.B.e.a.ii.Q. a.2.1.1. (7 ,8 , l l ) / [2 2 ]
III.B.e.a.ii.Q. a.2.1.2. (7,8,10)/[22]
III.B.e.a.ii.Q. a.2.2.1. (7 ,8 ,ia )/[25 ]
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III.B.6.a.ii./3. 1.1.2.2. (7 ,8 ,10)/[21
III.B.6.a.ii./?. 1.1.3.1. ( 7 ,9 , l l ) / [ 2 2
III.B.6.a.ii./?. 1.1.3.2. (7 ,9 , l l ) / [ 2 3
III.B.6.a.ii./î. 1.2.1.1. (7 ,8 ,10)/[21
III.B.6.a.ii./î. I.2.I.2. (7 ,9 ,13)/[22
III.B.6.a.ii./?. I.2.I.3. (7 ,8 ,10)/[22
III.B.6.a.ii.^. I.2.2.I. (7 ,8 ,11)/[22
III.B.6.a.ii.;3. I.2.2.2. (15,17,19)/[e0]
III.B.6.a.ii./î. 2.1.1. (5,8,9)/[18]
III.B.6.a.ii./3. 2.1.2. (9 ,15 ,ie ) /[33 ]
III.B.6.a.ii./3. 2.2. (9,15, ie>/[33]
III.B.6.b.i.a. 1.1.1. (5 ,7,8)/[15]
III.B.e.b.i.Q. 1.1.2.1. (6,8,9)/[18]
III.B.e.b.i.Q. 1.1.2.2. (1 0 ,1 2 ,13)/[30]





III.B.e.b.i.Q. I.2.2.3.2.I. (1 0 ,1 4 ,19)/[39]
III.B.e.b.i.Q. I.2.2.3.2.2. (15,18,28)/[58
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III.B.e.b.ii.Q. 1.1. (10,11,14)/ 30]
III.B.e.b.ii.Q. 1.2.1. (10,11,14)/ 28]
III.B.e.b.ii.Q. 1.2.2. (10,11,14)/ 34]
III.B.e.b.ii.Q. 1.3. (10,11,19)/ 38]
III.B.e.b.ii.Q. 2.1.1. (10,11,14)/ 30]
III.B.e.b.ii.Q. 2.I.2.I. (10,11,14)/ 34]











TABLE 5.16. Eight Element Tomonoids
100
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
V ita
Gretchen W. Whipple was born June 17, 1960, to Frances and Raymond Wilke 
in W aterbary, Connecticut. In 1978, she graduated from Old Saybrook Senior 
High School in Old Saybrook, Connecticut. She received a bachelor of arts degree 
in mathematics and English from Manhattanville College, Purchase, New York, 
in 1982. She married and taught high school mathematics in Connecticut for 
six years. She then taught mathematics at John Tyler Community College in 
Chester, Virginia for two years. In 1993, she received a  master of science degree 
in mathematics at Virginia Commonwealth University in Richmond, Virginia. She 
received a second m aster’s in mathematics from Louisiana State University in 
Baton Rouge, Louisiana in 1997. She is currently a candidate for the doctoral 
degree, in mathematics at Louisiana, State University, which will be awarded in 
August, 1999.
101
R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
D O C T O R A L  E X A M I N A T I O N  A N D  D I S S E R T A T I O N  R E P O R T
Candidate: Gretchen W. Whipple
Major Field: Mathematics
Title of Dissertation: Totally Ordered Monoids
Approved:
Maj or/Professor and Chairman 




R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .
